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Abstract. We generalize the main results from [M and g] to taut foliations 
with one-sided branching. First constructed in ||l4|, these foliations occupy 
an intermediate position between R-covered foliations and arbitrary taut foli- 
ations of 3-manifolds. 

We show that for a taut foliation ^ with one— sided branching of an atoroidal 
3— manifold M, one can construct a pair of genuine laminations A^ of M trans- 
verse to ^ with solid torus complementary regions which bind every leaf of 

in a geodesic lamination. These laminations come from a universal circle, 
a refinement of the universal circles proposed in pi] , which maps monotonely 
and TTi (M)-equivariantly to each of the circles at infinity of the leaves of 
and is minimal with respect to this property. This circle is intimately bound 
up with the extrinsic geometry of the leaves of In particular, let ^ denote 
the pulled— back foliation of the universal cover, and co-orient so that the 
leaf space branches in the negative direction. Then for any pair of leaves of ,^ 
with /J, > \, the leaf A is asymptotic to /.i in a dense set of directions at infinity. 
This is a macroscopic version of an infinitesimal result in p]| and gives much 
more drastic control over the topology and geometry of than is achieved in 

The pair of laminations A* can be used to produce a pseudo— Anosov flow 
transverse to which is regulating in the non-branching direction. Rigidity 
results for A^ in the R-covered case are extended to the case of one— sided 
branching. In particular, an R— covered foliation can only be deformed to a 
foliation with one-sided branching along one of the two laminations canonically 
associated to the R-covered foliation in and these laminations become 
exactly the laminations A^ for the new branched foliation. 

Other corollaries include that the ambient manifold is (5-hyperbolic in the 
sense of Gromov, and that a self-homeomorphism of this manifold homotopic 
to the identity is isotopic to the identity. 



1. Introduction 

This paper extends the main ideas and theorems of Q| to taut fohations with 
one-sided branching. These fohations are hke a hybrid between R-covered fohations 
(whose leaf spaces in the universal cover exhibit no branching) and arbitrary taut 
foliations, whose leaf spaces may branch in either direction. Foliations with one- 
sided branching do not exhibit the full range of phenomena to be observed in 
arbitrary taut foliations, but on the other hand one has enough control over their 
geometry to prove some very powerful structure theorems. 

The main results of this paper are summarized in the abstract. The most im- 
portant is the fact that transverse to any taut foliation with one-sided branching of 
an atoroidal 3-manifold, one can construct a pair of genuine laminations which 
have solid torus guts, and which bind each leaf of the foliation. These laminations 
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can be "blown down" to a pseudo-Anosov flow transverse to the foliation which is 
regulating in the nonbranching direction; that is, flow lines in the universal cover 
are properly embedded in the leaf space in the nonbranching direction. There is a 
history of finding such a structure transverse or almost transverse to taut foliations 
of a certain quality, which we recapitulate here: 

• Surface bundles over [E2| 



• Finite depth foliations |15 based on unpublished work of Gabai 

• Foliations arising from slitherings over |^ 

• M-covered foliations Q 

The case of one-sided branching is dealt with in this paper, leaving only the 
case of a taut foliation with two-sided branching still open. An approach to the 
two-sided case is promised in ]2l|| , but this paper is largely unwritten, and details 
are not available. A great deal of this program has been carried out for foliations 

with two-sided branching and every leaf dense, which we describe in |5| and its 
forthcoming sequel. In particular, we construct a pseudo-Anosov flow transverse 
to such an ^ which can be split open to a pair of genuine laminations which are 
transverse to each other, and intersect leaves of ^ in geodesic laminations. 

The existence of such a structure is important for a number of reasons. Firstly, 
it sets the stage for an attempt to prove the geometrization conjecture for the un- 
derlying manifolds, along the lines of and as outlined in Secondly, the 
underlying structure of the laminations constructed is much more rigid than the 
foliations themselves. This rigidity leads one to hope that the structure of a pseudo- 
Anosov package (to coin a phrase) might be described in finite combinatorial terms 
and lead to a closer relationship of the theory of taut foliations with the algorith- 
mic theory of 3-manifolds; moreover, this rigidity might manifest itself in subtler 
ways through numerical invariants attached to the structure. Finally, there are im- 
mediate corollaries (i5-hyperbolicity, non-existence of exotic self-homeomorphisms) 
for the underlying manifold. For a precise definition of the term "pseudo-Anosov 
package", see ||^ or 

The laminations A^ reflect the disparity between the intrinsic and the extrinsic 
geometry of the leaves of ^ in M. Let L denote the leaf space of and assume that 
L branches in the negative, but not the positive direction. Roughly speaking, for 
each leaf A of the lamination A"*" n A parameterizes the branching of the subset of 
L consisting of leaves on the negative side of A. This branching reflects the fact that 
leaves of ^ are not uniformly properly embedded in the subspace of M contained 
above them. Conversely, the lamination A~ n A is a kind of eigenlamination of 
distortion, and consists of geodesies in A which are worst at efficiently measuring 
distance in the subspace of M contained below A. This pair of laminations is 
parameterized by a pair of laminations AJ^j^j^ of a master circle S^^-^^ on which 
7ri(M) acts, and which comes equipped with canonical monotone maps to S'^(A) 
for each leaf A of 
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2. Extrinsic geometry of leaves 

2.1. Definitions and conventions. In the sequel, we will denote by ^ a taut 
foliation of a 3-manifold M. We assume ^ is not covered by the product foliation 
of S*^ X 5^, and therefore M is irreducible. We assume M is orientable and ^ is 
co-orientable. Furthermore, we assume M is atoroidal. We typically assume M 
is closed, although our results generally extend to the case that M has boundary 
consisting of a finite collection of tori. Let M denote the universal cover of M, 
and ^ the puUback of ^ to M. The leaf space of ^ will be denoted L. It is 
well-known that i is a simply-connected, possibly non-Hausdorff 1-manifold (see 
e.g. JT6[). There is a natural partial order on L coming from the co-orientation on 

Definition 2.1.1. A taut foliation ^ has one-sided branching in the positive di- 
rection if any two fi, X £ L have a common lower bound in the partial order on L. 
Conversely, ^ has one-sided branching in the negative direction if any two /z, A G L 
have a common upper bound. Clearly, the direction of branching depends on the 
choice of co-orientation on If L is totally ordered, L = M. and ,^ is called 
M.-covered. 

Notice that for ^ not co-orientable, L must either be R-covered or must branch 
in both directions. 

The following easy theorem is found in 

Theorem 2.1.1. Suppose AI^ is hyperbolic, and contains a taut foliation ^ with 
one-sided branching. Then for any leaf X of ^ , the two connected components of 
— A = H'' — A cannot both contain an open half-space. 

Corollary 2.1.2. If is a taut foliation with one-sided branching of an atoroidal 
then ^ contains no compact leaves. 

The following theorem is found in Q : 

Theorem 2.1.3 (Candel). Let A be a lamination of a compact space M with 2- 
dimensional leaves. Suppose that every invariant transverse measure supported on 
A has negative Euler characteristic. Then there is a metric on M such that the 
inherited path metric makes the leaves of A into Riemann .surfaces of constant 
curvature —1. 

The conditions of Candel's theorem are automatically satisfied for ^ a taut 
foliation of an atoroidal irreducible 3-manifold M, so we assume in the sequel that 
M has a metric such that all the leaves of ^ have constant curvature —1. 

Definition 2.1.2. For any foliation, a saturated set is a union of leaves. A minimal 
set is a nonempty closed saturated set, minimal with respect to this property. 

Clearly, minimal sets exist. It is not at all unusual for an entire foliated manifold 
M to be a minimal set. The salient feature of a minimal set A is that every leaf A in 
A has A = A. We will need in the sequel the following lemma about the geometry 
of minimal sets. 
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Lemma 2.1.4. For each minimal set A C ^ and each e, there is a t such that 
each ball of radius t in a leaf of A is an e-net for A. 

Proof: Suppose not. Then choose a sequence of real numbers ti oo so that 
there are a sequence of points pi such that the ti-halls about pi do not come within 
e of some G A. By compactness of A, we can find a convergent subsequence for 
which Pi ^ p and qi q so that the closure of the leaf through p does not come 
within e of q, violating minimality. □ 

Definition 2.1.3. A one dimensional foliation X transverse to a taut foliation J? 
regulates e -neighborhoods if, after lifting to the universal cover, the restriction of 
X (the foliation covering X) to the closed e-ncighborhood of any leaf A of ^ is a 
product foliation of A x / by closed intervals point x /. 

For any taut any transverse 1-dimensional foliation X (h regulates e- 
neighbor hoods, for some e. A pair of leaves /i, A of ^ which are sufficiently close 
at some pair of points p £ fi,q € X are close on a big neighborhood. That is, for 
any T > and any e > there is a (5 > such that if {p, q) < S then the T 
neighborhood of p in /i is e-close to the T neighborhood of q in A. Moreover, by 
choosing S possibly slightly smaller (but depending only on T, e, X, the flow 
along integral leaves of X from Nt{p) for time e hits /i and defines a bilipschitz 
map to the image, which can be taken to be contained in NT+e{q) and to contain 
Nx-eiq). For any T, for sufhciently small e, this flow can be taken to be as close 
to an isometry as desired. For instance, if M is Riemannian X could be chosen to 
be the integral foliation of the normal bundle to TJ^. 

For definitions and some basic results about genuine laminations of 3-manifolds, 
see [0, [|| and jl^. We recapitulate some of the main notions here for convenience. 

Definition 2.1.4. A lamination in a 3 manifold is a foliation of a closed subset of M 
by 2 dimensional leaves. The complement of this closed subset falls into connected 
components, called complementary regions. A lamination is essential if it contains 
no spherical leaf or torus leaf bounding a solid torus, and furthermore if C denotes 
the closure (with respect to the path metric in M) of a complementary region, then 
C is irreducible and dC is both incompressible and end incompressible in C. Here 
an end compressing disk is a properly embedded {D^ — (closed arc in dD^)) in C 
which is not properly isotopic rel 9 in C to an embedding into a leaf. Finally, an 
essential lamination is genuine if it has some complementary region which is not an 
/-bundle. 

A complementary region to a genuine lamination falls into two pieces: the guts^ 
which carry the essential topology of the complementary region, and the interstitial 
regions, which are just / bundles over non-compact surfaces, which get thinner and 
thinner as they go away from the guts. The interstitial regions meet the guts 
along annuli. Ideal polygons can be properly embedded in complementary regions, 
where the cusp neighborhoods of the ideal points run up the interstitial regions as 
/ X M+. An end compressing disk is a properly embedded ideal monogon which is 
not isotopic rel. d into a leaf. 

2.2. One sided uniform properness. 

Definition 2.2.1. An embedding e of a metric space X in a metric space Y is 
uniformly proper if there is an increasing function / : such that f{x) — > oo 
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as X ^ oo with the property that for all a,b E X 

dY{e{a),e{b))>f{dx{a,b)) 

A subspace X of a path metric space Y is uniformly properly embedded if the 
embedding of X with its inherited path metric into Y is uniformly proper. 

Definition 2.2.2. Let ^ be a co oriented foliation of by separating planes. 
Leaves of ^ are uniformly proper below if each leaf A is uniformly properly em- 
bedded in the subspace X^ c consisting of leaves below and including A, with 
respect to the induced path metrics. is uniformly proper below if each leaf A is 
uniformly proper below for some function / : M"*" — > M"'" independent of A. Define 
uniformly proper above in an analogous way. 

In the sequel, we will adhere to the convention that our foliations have one-sided 
branching in the negative direction, unless we explicitly say otherwise. 

Lemma 2.2.1. Let ^ be a taut foliation of M luhich has one sided, branching in 
the negative direction. Then ^ is uniformly proper below, with respect to the path 
metric on M = inherited from some path metric on M. 

Proof: Suppose to the contrary that there is a sequence of pairs of points 
{pi. Qj} contained in leaves A,; such that there arc arcs contained below A^ with 
length I Oil <t but the leafwise distance from pi to Qi goes to oo. We can translate 
the pairs {pi, qi} by elements of tti{M) to get a convergent subsequence, which we 
also denote by {pi,qi} {p,q} joined by paths m below Ai which converge to a 
path a below the leaves A^ containing p and q. If A+ = A~, the leafwise distances 
between pi and qi would have been uniformly bounded, contrary to assumption. 
Therefore A+ 7^ A~ , and we have exhibited branching of L in the positive direction, 
also contrary to assumption. 

It follows that for each t and each pair of points Pi,qi £ Aj which can be joined by 
an arc below Xi of length at most t, the leafwise distance between pi, Qi is bounded 
by some f{t). That is, ^ is uniformly proper below. □ 

For /i, A leaves of ^ with A > /z, denote by the subspace of M contained 
above /i, by the subspace contained below A, and by the subspace contained 
between these two leaves. Note that in this context, by "above" and "below" we 
mean the connected components of the complement of the leaf in question. Every 
point p in a leaf X > /j. is "above" jj., but not every point above jj. lies on a leaf 
comparable to /x. 

Notice that leaves of ^ are not in general uniformly properly embedded in the 
subspaces contained above them. On the other hand, since M is compact, there 
is a uniform e such that leaves of ^ are quasi-geodesically embedded in their e- 
neighborhoods. 

Lemma 2.2.2. Let 7 be an arc in M whose endpoints lie on comparable leaves X, /i 
and such that 7 is contained in M^. Then there is a g : M+ K+ such that if 
7 1 < t, 7 can be canonically straightened to a monotone 7' or a transversal with 

the same endpoints of length < g{t). 

Proof: Wiggle 7 to be generic, with at most one critical point on each leaf. 
Orient 7 from the point on jjl to the point on A. Since 7 C M^, it can be straightened 
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to a transversal 7' with the same endpoints by pushing in a collection of disjoint 
subarcs 7^ whose endpoints lie on the same leaf A; and which are each contained in 




Figure 1 . An arc 7 in a foliation with one-sided branching which 
intersects leaves below one endpoint can be straightened by push- 
ing in subarcs ji which start and end on the same leaf Ai and only 
intersect leaves below A^. 

To see this, first define a collection of subarcs {%} to be the arcs whose initial 
points are the local maxima of 7, and whose end points are the first return of 7 
to the leaf A^ containing the initial point of 7^. By construction, two subarcs 7i,7j 
intersect iff they are nested. Refine the collection {7^} by discarding innermost 
subarcs until the 7^ are all disjoint. 

Since leaves of ^ are uniformly properly embedded below, and since these sub- 
arcs all have length < t, each 7^ can be straightened to the leafwise geodesic arc 7^ 
in Ai with the same endpoints. This gives a canonical map from 7 to a monotone 
arc 7' with the same endpoints. By assumption, I7I < t, so the arcs in 707' have 
total length < t. Moreover, the length of each subarc 7,' is uniformly comparable 
to the length of 7^. For, leaves of ^ are continuously varying hyperbolic planes, 
so leafwise geodesies between pairs of points are unique and vary continuously; we 
will use this fact repeatedly. It follows that the length of 7' can be controlled in 
terms of t. Then 7' can be perturbed (not canonically) an arbitrarily small amount 
to be transverse. □ 

Lemma 2.2.3. For each t there is a kt,et such that for each leaf X of the leaf 
A is {kt,et) coarsely quasi-isometrically embedded in Nt{X) DM^. 

Proof: Let p,q £ X for some A, and suppose 7 is a path in Nt{X) fl joining 
p to q. We can decompose 7 into approximately I7I segments of length < 1. Denote 
these segments 7^. Denote the two endpoints of 7^ by r^, s^. Then and Si can be 
joined to points pi, qi in A by paths of length < t. It follows that 

dx{p^,qi) < f{2t + l) 
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by lemma 2.2.1 and therefore p, q can be joined by a path in A of length approxi- 



mately |7|/(2t + 1) with an error term of size f{2t + 1). □ 

Definition 2.2.3. A maximal closed saturated subset P of AI whose interior is 
foliated as a product is called a pocket. If P is homeomorphic to [0, 1] x we call 
it an inessential pocket. Otherwise we call it an essential pocket. 

Lemma 2.2.4. Let ^ he a taut foliation of M which has one-sided branching in 
the negative direction. Suppose P is foliated by leaves with a unique uppermost leaf 
A and a collection of lowermost leaves fii, such that there is a d with C Ns{\) 
for all i. Then P is an inessential pocket and is quasi-isometric with its inherited 
path-metric to either of its boundary components X or ii. 



Proof: By lemma ^.2.5 , for any 6, the inclusion of A into M'^ n Ns{X) is a 



quasi-isometry. We construct a homotopy 

R■.\J^I^ XI^P 

i 

such that 1) : Ui Mi ^ ^'^'^ the arcs /) are transversals of length uni- 
formly bounded by some t. For ease of notation, we define r(-) = 1). 

By lemma |2.2.2| , for every p d there is a transversal Tp from p to A of uniformly 
bounded length. We let T be a triangulation of IJ^ /x; with small geodesic simplices, 
and choose such a set of transversals for the vertices of T. This defines i?|TO . For 
an edge e of between pi,p2, the transversals Tpj,rp2 intersect the same leaves, 
and therefore they can be joined by leafwise geodesic arcs. Parameterizing these 
by arclength, this defines R\t^. Finally, R can be extended over the 2-simplices 
by barycentric extension. Notice that for v a leaf intermediate between /i^ and A, 
if Tp-^ , intersect v a,i ri, r-2, then the leafwise distance between r\ and r-i in v is 
uniformly bounded, since r\ and r2 are joined by subarcs of Tp^ , Tpj and the edge 



in /ij between pi,p2, and v is uniformly properly embedded below by lemma 2.2.1 
It follows that the fibers of R have the desired properties. 

Note that r : /i^ — )■ A is proper for each /ii, since both leaves are properly 
embedded in M, and R only moves points a bounded distance. So the degree of r 
on each /i^ is well-defined. 

Let q (z X and Ba{q) C A be the disk in A of (leafwise) radius s about q. Suppose 
there is a disk D C /ii such that Bs{q) C r{D) and r{dD) winds around B with 
nonzero degree. In this case we say that r{D) covers B with degree equal to the 
winding number oiridD) about B. Then R{dD,I) separates from q. Moreover, 
since A is quasi-isometrically embedded in P, R(dD, I) is a definite distance away 
from q. It follows that there is a uniform s such that if D exist with the properties 
above, q is not in the image r{^j) for any j ^ i. But if r|^. has nonzero degree for 
some z, then for every point q G A there is a -D C /(^ which covers Bs{q). It follows 
that if r\^. has nonzero degree for some i, then there are no /ij with j ^ i. In this 
case, the region P does not branch, and is foliated as a product. 

It suffices to show that there is some /t^ which is mapped by r with nonzero 
degree. 

We make the observation that if v is an intermediate leaf in P bounded below by 
some subset {/Xj} of the m, then the subset P^, = M" n P satisfies the hypothesis 
of the lemma. Let : /ij ^ v be the retraction defined by the appropriate level 
R{-,t) of t. The degree of ri, restricted to iij is well-defined, of course. Let be 
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a lowermost leaf, and let ly he a, leaf which is within e of fij at some point q E ly. 
If e is sufficiently small, Hj and are very close on big compact subsets, so there 
is a big disk D C ^ij which covers Bs{q) with degree one. If r^, : fij ly has 
degree ^ 1, there is some point p G lJ-j\D which maps to q. But p is separated 
from q by R{dD, /), which is a definite distance from g if e is small enough, since 
ly is quasi-isometrically embedded in P^. This is a contradiction. It follows that 
has degree one. In particular, : pj ly is onto, so v is contained within some 
uniform distance of A too. If t is a transversal from fij to A, we can break up r 
into a finite number of intervals each of length less than e. Let Vi be the leaves of 
at the endpoints of these subintervals. It follows that in the sequence of maps 

^ i/i ^ 1/2 ^ • • • ^ t'n ^ A 

each map has degree one. Moreover, the composition Hj — + A is just r. So r has 
degree one, and P is an inessential pocket. □ 

Example 2.2.1. If we make no restriction on the geometry of leaves of it is 
possible to produce a region P foliated by ^ with one-sided branching which is 
bounded above by a single leaf, which is bounded below by more than one leaf, and 
which is quasi-isometric as a path metric space to the topmost leaf. 



Figure 2. This configuration cannot be realized as the topology 
of an essential pocket in JF. 

The pocket P is obtained geometrically from x / by drilling out neighborhoods 
N(ri) of a finite number of geodesic rays in x i. The foliation ^ looks like a 
product near the top leaf x 1. As it moves in the negative direction, the leaves 
bend around in a neighborhood of the disks dN{ri). The interior of P is foliated as 
a product, and the lowermost leaves consist of the dN{ri) and the lowermost leaf 
IHI2 X 0. See figure 2. 

Theorem 2.2.5. Let ^ be a taut foliation with one-sided branching. Let A be a 
minimal set. Then the path-metric completion of each complementary region to A 
is an inessential pocket. 

Proof: Let P be the closure of a complementary region to A. Then P has an 
uppermost leaf A, and some lowermost leaves pi. 



Suppose P is not an inessential pocket. Then by lemma 2.2.4 we can conclude 
that is not contained in a bounded neighborhood of A for some i. Let p (z pi 
be chosen with d{p, A) > s. Join p to A by a transversal t with |r| = t. Let a be 
a small transversal emanating in the negative direction from p with length a. By 
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lemma ^.1.4 there is a uniform r so that any point in A can be joined by a leafwise 



arc of length < r to some point within e of tt{p), the projection of p to M. Since pi 
is isolated in A on the positive side, any point in A can be joined by a leafwise arc 
of length < r to some point within e of n{p) on the negative side of /i;. It follows 
that we can arrange for any point in A to be joined by a leafwise arc of length < r 
to some point in the projection of a. 

Now pick another point q in /i^ which is not contained within distance u of A, 
where w 3> t, s. Then we can join q by an arc in fii of length < r to some point 
p' S a(cr) for some a. Now a(j)) £ A since p € A. On the other hand, a{p) is on 
the positive side of /i^, by construction, and therefore a{p) > X. Furthermore, a{p) 
is within distance a of p' , and therefore within distance a + r oi q. This violates 
the choice of since q is at least distance u from A. This contradiction establishes 
the theorem. □ 



Remark 2.2.1. We do not actually need the full strength of lemma 2.2.4 to prove 
this theorem. In the context of this theorem, a short proof of this lemma is as 
follows: 

The region P is the universal cover of some complementary region to A in 
M. Since ^ is co-oriented, ON consists of a single uppermost leaf I covered by A, 
and some lowermost leaves rrii covered by the /ij (with possibly different indices). 
We would like to show that N, and therefore P, is a product region between I and 
a single leaf m. If not, then N can be decomposed nontrivially into a gut region 
G and a collection of interstitial regions Ri which are /-bundles over noncompact 
surfaces C Ujrrij. Since I is the unique uppermost leaf in the pocket, every Ri 
interpolates between the Ujrrij and /. It follows that if N is not a product region, 
the gut G is not homotopic into I by a homotopy which collapses dG along the 
/ fibers. But in this case, there is some a G 7ri(G') which is not conjugate into 
7ri(Z). However, A is the unique uppermost leaf of P, and is therefore stabilized by 
7ri(A^). It follows that G is homotopic into / as indicated. A sublamination of a 
taut foliation is essential, so complementary regions are irreducible; therefore N is 
a product pocket, by standard 3-manifold topology. It follows that P has a single 
lowermost leaf /i, which covers m, and P is an inessential pocket. 

Remark 2.2.2. One-sidedness is important for this theorem. If A is a co-orientable 
genuine lamination of a manifold M and P is the cover of a complementary region, 
every lowermost leaf of dP is contained in a bounded neighborhood of a union 
of uppermost leaves, and conversely. For, if P covers a complementary region N 
downstairs, N decomposes into a gut G which is compact, and interstitial regions 
Ri of bounded thickness. Either A'^ is a compact product, or every point in a 
lowermost leaf (say) can be joined by a path of bounded length (less than the 
diameter of G to an interstitial region. The interstitial regions run from lowermost 
leaves to uppermost leaves; they have bounded thickness, so this path can be joined 
by a vertical arc of some Ri of bounded length to reach an uppermost leaf. On the 
other hand, if some lowermost leaf is contained in a bounded neighborhood of an 
uppermost leaf or vice versa, then the argument above would show that P is an 
inessential pocket. 

Corollary 2.2.6. If ^ is a taut foliation with one-sided branching, then ^ con- 
tains no essential pockets. 
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Proof: The maximality of a pocket implies that it is contained in the comple- 
ment of a minimal set. Therefore such a pocket is inessential. □ 

In the sequel we refer to inessential pockets merely as pockets, since there are 
no other kinds. 

Since has branching, there is a uniform t such that no pocket contains an 
embedded ball of radius t. 

Theorem 2.2.7. A taut foliation with one-sided branching is obtained from an- 
other taut foliation with one-sided branching and every leaf dense (and therefore 
no pockets) by blowing up and perturbing some leaves. 

Proof: Let P be a complementary region to A, where A is a minimal set for 



By theorem 2.2.5, P is an inessential pocket with highest leaf A and lowest leaf 



fi, and ^ C Ns{X) for some i5. We claim A C Ns{fJ,) for some possibly different S. 



Repeating the argument in lemma 2.2.4, the map R{-, 1) : /i — * A constructed in 



that lemma is degree one, and therefore onto. On the other hand, each point in 
IJ, is moved by R along an arc in P of uniformly bounded length. It follows that 
every point in A is joined to a point in /i by an arc of uniformly bounded length. 



and the claim is proved. By lemma 2.2.2, the pocket is quasiisometric to A 



On the other hand, for each leaf u C P, the pocket satisfies fi C Ns{i'). For, 
V separates /i from A, and /i C Ns{X). We can re-parameterize the t variable in 



R{-,t) so that at time 1, I) : fi ^ ly. By lemma 2.2.4 1) : — > j/ is degree 
one and therefore onto. It follows that the image of ^ sweeps through all of P under 
the homotopy R. So P C Ns{ii) for some S. 

We want to show that /i is quasi-isometrically embedded in P. Since P C Ns{fJ,), 
it follows that either fi is quasi-isometrically embedded, or it is not uniformly 
properly embedded. In the latter case, there are a sequence of pairs of points {pi, qi} 
in /i with dp{pi,qi) = const, but d^(pi,qi) — > oo. After choosing a subsequence 
and translating by elements of 7ri(M), we may assume {pi,qi} — > {p,q} lying on 
distinct leaves /ii,/i2- Since leaves are quasi-isometrically embedded in their e- 
neighborhoods for some e, it follows that ^ stays a definite distance away from A 
near pi , qi and therefore p, q are contained in leaves of A which are isolated in A on 
the positive side. 

We can join Pi^qi by an arc ti C P, and arrange for ti to be bounded away 
from A. The limit t will be bounded away from A. It follows that /^i , ars 



lowermost leaves of a complementary region to A, contrary to lemma 2.2.5. This 
contradiction establishes that /i is quasi-isometrically embedded in P, and therefore 
P(-,l):/z^Aisa quasi-isometry. 

As in 1^ , P covers a complementary region to A which is a (possibly perturbed) 
blow-up of some leaf of a foliation which can be recovered by simultaneously 
blowing down all such pockets. In more detail: for each (inessential) pocket P 
bounded by leaves /x, A, we know that 

stab(A) — stab(/i) = stab(P) 

and P can be parameterized stab(P)-equivariantly as /zx/ where the / factors are of 
bounded length (and necessarily must taper off towards each end of /x/stab(P)). So 
we can include P/stab(P) homeomorphically to M and take the quotient pLXI ^ (i. 
This can be done simultaneously for all pockets, and the quotient is homeomorphic 
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to M and the image of A is a minimal taut foliation The foliation has one- 
sided branching if has, since the actions on the leaf space of the universal cover 
are monotone equivalent. □ 

2.3. Action on the leaf space. The main goal of this section is to analyze the 

compressibility of the action of 7ri(M) on the leaf space L of ,^ . 

Definition 2.3.1. An interval J C L is incompressible if there is no a which takes 
/ to a proper subset of itself. 

If ^' is obtained from ^ by blowing up a leaf, no interval of L corresponding 
to a blown-up poc;ket can be taken to a proper subset of itself by the action of 
■K\{M). On the other hand, for L the leaf space of a minimal foliation with one- 
sided branching, we will see that incompressibility of a subinterval puts very strong 
restrictions on the geometry and topology of L. 

The incompressibility of some interval I C L for ^ minimal turns out to be 
a coarse version of an invariant measure. One can make this precise: an invari- 
ant measure on L gives rise to a coclosed 1-cocycle and therefore an element of 
iI^(7ri(M),M). By contrast, the existence of an incompressible interval gives rise 
to an approximately coclosed 1-cocycle whose coboundary is a representative of an 
element of the bounded cohomology group H^{ni{M),M.). 

Theorem 2.3.1. Let L be a simply-connected non-Hausdorff one-manifold with 
one-sided branching in the negative direction; that is, with respect to an orientation 
on L and hence a partial order, any two elements of L have a common upper bound. 
Suppose G acts on L in an orientation preserving way with dense orbits. Then one 
of the following two possibilities occurs: 

• For any two embedded intervals I, J G L there is an a € G such that 
a{I) C J. 

• There is a G - equivariant map i : L — > M whose restriction to any embedded 
interval I <Z L is injective and order-preserving, and the induced action of 

G onM. is conjugate to a subgroup of Homeo{S^). 

Proof: For each embedded interval I C L we use the notation for the 
highest and lowest points of / respectively. Note that the only embedded intervals 
in L are totally ordered. Suppose there exists an incompressible interval / — i.e. 
one for which no a G G takes I properly inside itself. Then of course, no a takes I 
properly outside itself either. Every p G L is contained in some translate of /, by 
minimality. For each p & L we define 

Z{p) = sup oi{I^) 

a{I-)<p 

Note that the supremum of a collection of points in L is well-defined if they have 
a common upper bound, since L branches only in the negative direction. Moreover, 
all the oi{I~^) are bounded by for /? any element with > p, so Z{p) 

exists. 

We enumerate some properties of Z: 

(1) If there exists a so that p = oi{I~) then Z{p) = a{I~^). 

(2) The map Z is order-refining; i.e. if x > y then Z{x) > Z{y). For, by 
minimality there is some x > zi > Z2 > y with zi = ai{I~) and Z2 = 
a2{I~), and by incompressibility of /, Z{x) > ai{I~^) > ai{I~) > Z{y). 
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(3) Similarly, Z(i/) > y for any y, since by minimality there is some a with 
a{y) contained in the interior of /. 

(4) For any y, the sequence Z^{y) escapes in the positive direction in L. For, 
if X > y is arbitrary, the interval [x, y] can be covered by a finite number m 
of translates of /, by minimality. It follows that Z"^{y) > x and the claim 
follows. 

By naturality, Z commutes with the action of G on L. We can define a total 
order on a quotient of L by declaring a; < y iff Z"{x) < Z^{y) for some sufficiently 
large n. This defines a projection to a totally ordered set L', which is injective on 
every totally ordered subset of L. We can complete L' with respect to the order 
topology to get a closed subset L" homeomorphic to M, and therefore obtain a G- 
equivariant map ? : L ^ M. The projection of Z by is an increasing map K ^ M 
without fixed points. Since Z is continuous, its projection by is also continuous. 
Hence Z projects to a translation of K commuting with the action of every element 

of G on R; in particular, this action is conjugate to a subgroup of Homco(5^). 

Notice that each ordered interval / C L is mapped injectively into R by i. For, if 
r,s G I are any two points, there are uncountably many points between the image 
of r and s in L' and therefore also in M. 

If by contrast for every interval / there is some a taking / properly inside it- 
self, we can find a sequence of elements ai so that for each i, ai+i{I) C ai{I) 
and furthermore, niai{I) = p for some single point p. If J is any other interval, 
minimality implies that there is a /? G G with P{p) in the interior of J. Then 
f3ai{I) = Ji is an open interval containing (3{p), such that CiiJi = P{p). Fix an i, 
and let K = J C\ Ji. Since L is a 1 manifold, K is an open interval containing /3(p) 
in its interior. Then Jj n J = Jj H K ioi j > i, and this is a nested sequence of 
open intervals whose intersection is In particular, for some sufficiently large 

j, paj{I) = Jj CK CJ. □ 

Remark 2.3.1. A useful way to think of the action of the monotone map Z on 
L is like zipping up a zipper: two intervals /, J with common highest point but 
incomparable lowest point are "zipped" into a single interval by comparing Z{I) 
and Z{J). The "teeth" of the zipper are the points in I and J which are interspersed 
together in some unique way determined by the topology of the action of G. 

Remark 2.3.2. Associated to a group action of G on K which is conjugate into 

Homeo(S'i), there is a 2-cocycle c defined as follows. Define a 1-cocycle s whose 
value on {g, h) with g,h G G is the rotation number of g~^h. Then c = 5s. It is 
easy to see that ||c||oo < oo; that is, c is a hounded 2-cocycle and determines, except 
in very elementary cases, a nontrivial c>k;nient of _ff^(G, M), as suggested earlier. 

If a foliation has associated to it an action of tti (M) of the kind described by 
the second case we say that ^ is obtained from a one-sided branched slithering of 
M over S^. 

Example 2.3.1. Let G be a 2-complex obtained from a cylinder by gluing one end 
to the other by an n-fold cover. Then 

7ri(G) ^{x,t\ txt-^ = x") 

is a Baumslag-Solitar group. G has a foliation by circles which lifts to a foliation 
of G by "horizontal" lines. The leaf space of this foliation has one-sided branching; 
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moreover there is a natural map of C to R (thought of as the universal cover of 
a circle representing the generator t) on which tti (C) acts by translations. In this 
example, the action on the leaf space is not dense. We can fix this in the following 
way: glue an annulus A onto the 2-complex C in such a way that both ends of the 
annulus are identified with a loop representing the generator t. This gives a new 
2-complex D with 

TTi{D) = {x,y,t\ txt-' = x", [t,y] = id) 

The annulus A can be foliated by intervals in such a way that holonomy around 
the annulus induces an arbitrary homeomorphism of the circle representing t. The 
leaf space of the universal cover of this foliation still has one-sided branching, but 
now every leaf of the foliation of D is dense. 

By appropriately thickening this two complex, we can realize it as a foliation of 
a 4-manifold with boundary by 3-dimensional leaves which are all infinite genus 
handlebodies. It is easy to see how to find a manifold neighborhood of this 2- 
complcx in the cylinder piece, but slightly more tricky where the two end circles 
are glued. Imagine a neighborhood of this circle being obtained from two pieces: 
one which is just a product x I and one consisting of a singular fiber of a Seifert 
fibration together with a spiral of nonsingular fibers converging to the singular 
fiber. Once these are thickened, let Ai , A2 be two annuli in the boundary of this 
4-manifold transverse to the foliation; the annulus A can be added by gluing Ai to 
A2 with a "twist" in the circle direction. 

This example cannot arise in the context of 3-manifolds. Firstly, because of 
the results which we have already proved in section 2.2, but at a more basic level, 
Baumslag-Solitar groups cannot embed in the fundamental groups of 3-manifolds, 
by a theorem of Shalen ([Q). 

If ^ does not have every leaf dense, then we can identify a minimal set L' for 
the leaf space L, and quotient out the space L by contracting all complementary 
regions to points. The quotient leaf space is still a simply connected non-Hausdorff 
1-manifold with one-sided branching and an action of 7ri(M), except now every 
leaf is dense. 

We now show that taut foliations of 3-manifolds cannot arise from a one-sided 
branched slithering over S^. 

Theorem 2.3.2. Let ^ be a taut foliation of a 3~manifold with one-sided branch- 
ing. Then does not arise from a branched slithering over . 

Proof: Let (f) : L M he the equivariant order-preserving map guaranteed by 



theorem 2.3.1. Let / C M be one unit of the map Z, and let J C i correspond 
to a maximal connected pocket of leaves of which projects onto /. By abuse of 
notation, we also denote by J the corresponding saturated subset of M. 

Then J has an uppermost leaf A and is bounded below by some collection of 
lowermost leaves fii. Every point p € M can be joined by some transversal to a 
point one unit of the branched slithering below it. Since the definition of this unit 
only depends on the projection of p to M, there is a finite supremum S on the 
length of a shortest such transversal. Hence in particular, 

i 

for some 5. 
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Now pick some p € fii within distance 5 from A. We know by lemma 2.1.4 that 
for any e there is a t such that any ball of radius i in a leaf of A is an e-net in 
A. Suppose for some /x; that fii is not contained in a bounded neighborhood of 
A. Then we can find q d fj,i a very long distance from A, and an a such that a(j)) 
is within e of r on the positive side, where r £ /i^ is within distance f of g in /i^. 
We must have a(A) > A, by incompressibility of J. But now q is within distance 
t + S + e oi X, contrary to assumption. 

It follows that fii is contained in a bounded neighborhood of A, where the bound 



is independent of i. By lemma 2.2.4, this implies that the space between A and 
IJj /ii is foliated as a product; in particular, there is only one lowermost leaf iii — fi. 
By the definition of J, the translates of J cover M. It follows that ^ is foliated as 
a product, and is R-covered, contrary to assumption. □ 

This leads to the following corollary: 

Corollary 2.3.3. Let ^ be a taut minimal foliation of a 3-manifold with one- 
sided branching. Then for any two embedded intervals I, J there is an a in 7ri(M) 
such that J C a{I). 



Proof: Apply theorem 2.3.1 and theorem 2.3.2, □ 



Remark 2.3.3. The proof of theorem 2.3.2 uses the full power of lemma 2.2.4, and 
not merely the special case whose proof is sketched in remark ^.2.1 . 



3. The pinching lamination 
Throughout this section we will assume that all our foliations ^ are taut minimal 



foliations with one-sided branching, by appealing to theorem 2.2.7. 
3.1. Weakly confined directions. 

Definition 3.1.1. Define Eoo to be the circle bundle over L whose fiber over a leaf 
A is 5^ (A). For each v G UTpX, there is a unique e{v) G Eoo which is the endpoint 
of the geodesic ray in A which starts out at p tangent to v. Call this the endpoint 
map. Topologize Eoo by declaring that the natural embedding by the endpoint map 
of UT.^\r for a transversal r is a homeomorphism onto its image. 

Lemma 3.1.1. The topology on Eoo is well-defined. That is, if ti,T2 are two 
transversals to ^ which project to the same interval I <Z L, the map e~^e : 
UT^\t-^ ~* UT^\t2 determined by the endpoint map is a homeomorphism. 

Proof: If p, (7 G are any two points, the map between the visual circles oi p 
and q is determined by the local geometry of the configuration of the pair of points. 
That is, it is given by parallel transport of the canonical flat PSL{2,K) connection 
on UTM^ along the geodesic arc from p to q. If Ti,r2 are a pair of transversals 
as in the hypotheses of the lemma, then leafwise parallel transport of the leafwise 
flat PiS'L(2,R) connection on UT,^ along leafwise geodesic arcs is continuous and 
deflnes a homeomorphism between UT.^\t^ and UT^\r.^. □ 

The "trick" to this lemma is the observation that visual circles can be compared 
by using local data; we do not need to compare the asymptotic geometry of rays 
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emanating from points on ti,T2, which is just as well since we have no control over 
how these rays vary in the large as subsets of M. 

The space E^c carries a natural foliation by circles, the circles at infinity of leaves 
of L. We will tame the topology of Eoo by finding certain arcs transverse to this 
foliation, which detect asymptotic features of the geometry of leaves of 

Definition 3.1.2. Let =^ be a taut foliation with one-sided branching in the neg- 
ative direction, and let A be a leaf of A point p G S'^(A) is weakly confined 
below if there is a map H : I x M+ M with the following properties: 

• Each H{I X point) is a transversal to ^ . 

• There is a fc > 1 such that each if (point x R+) is a fc-quasigeodesic in some 
leaf of J^. Moreover, H{1 x M+) c A. We refer to these as horizontal rays 
in the marker. 

• There is an e such that each transversal H{I x point) has diameter bounded 

above by e. Wc refer to these as vertical intervals in the marker. 
The map H is called a marker, or a [k, e) m,a,rker if we wish to specify k and e. We 
say that the marker certifies the point p e 5^ (A). 

We will typically be interested in [k, e)-markers for which e is small enough so 
that leaves of ^ are quasi-geodesically embedded in their 2e-neighbor hoods. 

Lemma 3.1.2. A marker can he straightened so that every H [point x 1R+) is geo- 
desic in its leaf. 

Proof: For a quasigeodesic line, ray or segment a in H^, let a" denote the 
geodesic segment with the same (possibly ideal) endpoints as a. If 7 is a k- 
quasigcodcsic ray in H^, then for any e there is a t such that if cr is a segment 
of 7 of length > t, and a' is the middle third segment of a, then a" and 7" are 
e-close along the segments corresponding to a' . More generally, if an interval ct has 
an cndpoint in common with 7, the geodesic interval cr* is e close to 7* away from 
the last third segment of a". Notice that we are always comparing the geodesic 
straightenings of a quasigeodesic ray and a finite segment along the middle third, 
or initial two thirds of the finite segment, so this always makes sense. 

If is a marker, let if" denote the set of leafwise rays which are obtained 
by leafwise straightening the rays i?(point x M+). For each p G I, let 7^ be the 
quasigeodesic ray H{p x R+). If (jp, (jq arc segments of 7^, 7^ which are sufficiently 
close in the Hausdorff topology, the leafwise straightenings (7^, a* can also be made 
arbitrarily close. If Pi — > p, we can find initial segments of 7p. with length 00 
which converge to 7p and whose leafwise straightenings 7^. arc eventually e close 
to 7p and to 7^. away from their last thirds. We reiterate that the 7p. are always 
finite segments, so it makes sense to say that the straightened initial two thirds 
of this segment stay close to the straightening of jp. It follows that the family 7^ 
varies continuously as a function of s in the compact-open topology. Points in the 
markers are moved a uniformly bounded distance by this leafwise straightening, so 
the diameters of the transversals are uniformly bounded. □ 

The slight subtlety with this lemma is that we cannot assume that the leafwise 

rays 7p vary continuously in the Hausdorff topology. It is certainly possible for there 
to exist d > and pi ^ p such that 7p. is not contained in the (5-neighborhood of 
7j, for any i. 
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From now on wc will only consider markers which are leafwise geodesic. It follows 
that a H : I X M+ M is a marker, there is an associated map e{H) : I Eoo 
which is given by the leafwise endpoint of the geodesic ray in the image of the 
marker. By abuse of notation, we will also refer to these transversals at infinity as 
markers. 

Theorem 3.1.3. For ^ minimal, for every leaf X £ ^ there is some point which 
is weakly-confined below in S'^(A). Moreover, the certifying marker can be taken 
to be a (1, e) -marker for any e > 0. 

Proof: Let 7 be a nontrivial curve contained in a leaf A of Such a 7 
exists, since if every leaf of ^ is a plane, the entire foliation is by planes and M 
is foliated by geodesic planes of maximally irrational slope, by a theorem of 
Rosenberg ([0). Now for either side of 7, there is a choice of orientation on 7 
such that holonomy through 7 is weakly contracting on that side. Here we say that 
holonomy through 7 is weakly contracting (resp. weakly expanding) on the negative 
side of A, say, if for some transversal r to ^ intersecting A at p £ 7, there are 
a sequence of points pi ^ p with Pi+i > pi such that if H : t —> t denotes the 
holonomy around 7, where it is defined, H{pi) > pi (resp. H{pi) < pi) for all 
sufficiently large i. Clearly, holonomy around any loop is either weakly contracting 
or weakly expanding on either side, and by possibly reversing the orientation of 
7, we can take it to be weakly contracting. Let ti denote the segment between p 
and Pi where i is sufficiently large as above. Lift to M, and let i? : / x R+ M 
be defined by holonomy transport of r,; in the positive direction along the lift of 
7. Then i? is a marker. By restricting to a sufficiently small segment of r, we can 



arrange for i? to be a (fc, e)~marker for any e. By lemma 3.1.2, R can be taken to 
be a (1, e)-marker for some better initial choice of e. 

Since is minimal, it follows that there is a weakly-confined direction below in 
the circle at infinity of an arbitrary leaf. □ 

Remark 3.1.1. An alternative approach to this theorem uses harmonic transverse 
measures for foliations, as constructed in |]l^. This is Thurston's approach in |^ 

The most important feature of markers is that they do not coalesce. That is, 
if Hi,H2 are markers which intersect the same interval of leaves in L, if their 
endpoints are disjoint in some leaf, they are disjoint in all leaves. We state this as 
a lemma: 

Lemma 3.1.4. Let Hi,H2 : / x M+ M be {l,e) -markers. Then either the 
endpoint markers e{Hi),e{H2) agree up to the range of their image, or they are 
disjoint. Furthermore, if the e{Hi),e{H2) intersect incomparable leaves, they are 
disjoint. Here e is a sufficiently small positive number, which also has the property 
that leaves of ^ are quasigeodesically embedded in their 2e -neighborhoods. 

Proof: Suppose e{Hi) = pi and e{H2) = P2 are distinct points in S'^(A). 
Since every leaf of is uniformly properly embedded in its e neighborhood for 
some e, there is a compact subset K C such that the geodesic rays i/i(l,R''") 
and i?2(l,]R+) do not come within distance t of each other in M outside K, for 
some t. Notice that t here cannot be arbitrary. 

On the other hand, if e{Hi) n e{H2) is non empty, there is some q G S^{v) 
for some leaf v in the image of both. It follows that the leafwise geodesic rays in 



FOLIATIONS WITH ONE-SIDED BRANCHING 



17 



V in the image of iJi and i?2 are both asymptotic to g, and therefore they come 
arbitrarily close, contrary to the definition of K. it follows that if e{Hi), e{H2) are 
disjoint in some leaf they are disjoint in all other leaves. 

Finally, if e{Hi) and e{H2) intersect incomparable leaves /xi,/i2 < ^, they are 
disjoint in all comparable leaves. For, if they intersect in S'^(A), the ends of Hi, H2 
are contained within an arbitrarily small neighborhood of each other, i.e. there 
exist sequences of pairs of points p\ , contained in Hi , H2 respectively which exit 
every compact set, and for which the distance between p\,p\ in M converges to 
0. On the other hand, for sufficiently large z, the vertical intervals in Hi,H2 have 
length < e, by the definition of markers. In particular, the points p\,P2 are within 
e of points q{,q2 which are contained in incomparable leaves. But our choice of e 
was such that leaves are quasi-geodesically embedded in their 2e neighborhoods. 
In particular, this implies that incomparable leaves never come within 2e of each 
other, which gives us a contradiction. This contradiction finishes the proof of the 
lemma. □ 

3.2. Ergodic theory at infinity. The following material is taken more or less 
directly from ||] . 

Definition 3.2.1. Let ^ be a foliation of the compact manifold M. A probability 
measure /x on M is harmonic if 



for every function / which is measurable on M and smooth in the leafwise direction, 
here A ^ denotes the leafwise Laplacian, which governs the heat flow in the manifold 
where heat is restricted to flow along leaves of the foliation. 

Garnett's theorem from says that nontrivial harmonic measures exist for 
foliations: 

Theorem 3.2.1 (Garnett). If ^ is an arbitrary foliation of a compact space, then 
it admits a non-zero harmonic measure. If is minimal, this measure decomposes 
locally into the product of leafwise Riemannian measure with a transverse measure 
of full support which is infinitesimally harmonic, as a function of the leaf metric. 

The following theorem is proved in 

Theorem 3.2.2. Let ^ he a minimal foliation with hyperbolic leaves of a compact 
S-manifold M. Let E C £'00 be a closed tti{M) -invariant subset. Then either the 
subset E n S'^(A) is dense for almost every fiber S'j^(A), or the subset E ft Sl^{X) 
is empty or consists of a single point for almost every fiber S'^(A) C Eca- 

The proof is a straightforward application of Garnett's theorem, and the only 
hypotheses are that ^ is minimal with hyperbolic leaves, and M is compact. In 
particular, the kind of branching of ,^ is irrelevant (though of course it might be 
relevant to prove minimality). 

3.3. The pinching lamination. We will show that markers between incompara- 
ble leaves cannot "link at infinity" . 

Lemma 3.3.1. Suppose \ > with incomparable. If p,q £ Sl^{X) are 
endpoints of markers from fj, to X and r, s G S'^(A) are endpoints of markers from 
v to X then the pair p, q does not link the pair r, s. 
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Proof: Suppose X > ijl,v with incomparable. Say i?i,i?2 are a pair of 
markers between A and and 5*1, 5*2 are a pair of markers between A and z^. Then 
these markers can be extended to bi-infinite rectangles i? : J x M ^ M and S : 
J X M ^ M which have ends R\ , R2 and 5*1 , S2 respectively. If the endpoints of 
R in 5^ (A) link the endpoints of S in 5^ (A), the geodesies R\ and S\ in A must 
cross somewhere. In particular, S H R is nonempty. These subsets of M arc both 
closed, so their intersection is closed. Either the intersection stays in a compact 
subset of i? U 5 or else the intersection goes off to infinity. 

Since Rx and Sx intersect transversely, for every t there is a compact subspace 
Kt C X so that points in Rx fl {X\Kt) do not come within distance t in A of points 
in Sx n {X\Kt). Since A is uniformly properly embedded in M^, the geodesies Rx 
and Sx come close to each other in only near a compact subset. On the other 
hand, both R and S are contained in a bounded neighborhood in of Rx and 
Sx respectively. It follows that their intersection is compact. The intersection is 
just an arc transverse to and therefore its endpoint is on the bottom of either 
i? or S* or both. In any case, this says that A and u are comparable, contrary to 
assumption. □ 

For A > /i, let M{X,fj,) C S}^{X) denote the set of endpoints of markers from ij, 
to A. We have shown that for X> ji^v incomparable, the sets M(A, ji) and M(A, v) 
are unlinked. 

Definition 3.3.1. For r C L a properly embedded copy of K, let Coo{t) = Eoo\r 
denote the restriction of the circle bundle Eoo- Cooir) is topologically a cylinder. 
A long marker is a map r : R ^ i?oc with the following properties: 

(1) The image of r is transverse to the circles of E^o^ and the projection of r 
to L is an embedding onto a properly embedded copy r C L of K. 

(2) The transversal t(M) C Coo{r) is the limit in the Hausdorff topology of a 

sequence of (l,e) markers C Coo{r). 

If L' C L is a submanifold (possibly with boundary), we can also define a long 
marker relative to L' . For r <Z L' which is a properly embedded copy of K (or, if 
L' has boundary, r could be a ray or interval with boundary contained in dL'). A 
long marker relative to L' is a map t : r ^ Coo{r), transverse to the foliation by 
circles, such that the composition with the projection Cooir) — > r is the identity, 
and which is a limit in the Hausdorff topology of a sequence of markers, as above. 

Let A be a leaf of L, and Lx the subset of L corresponding to the leaves in Mx- 
Then the restriction of a long marker to Mx is a long marker relative to Lx- 

To say that t(M) is a limit of the Tj is the same as saying that for any segment 
a C t(R) and any neighborhood A''(ij) of a in Coo(r), there is an i such that for 
all j > i, the marker tj intersects the same leaves of L that a intersects, and 
furthermore its intersection with the subset of Coo(r) lying over the projection of 
cr to L is contained in N{a). 

Definition 3.3.2. Let A € L be some leaf. A filter below A is a maximal union of 
pairwise incomparable leaves /i^ with each /ij < A. 

Imagine A as the source of a forking river, which flows in the negative direction 
in L in all possible ways. Then a filter is a collection of places one would need 
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to dam the river to completely stop it, in such a way that every dam blocks some 
water. For instance, if L is homeomorphic to R, any /i < A by itself is a filter. 

Theorem 3.3.2. Suppose that ^ has one-sided branching in the negative direction. 
Then for every X > n, the set of long markers between A and n is dense in S^^ (/i) . 
Moreover, if jii is a filter below \, the set of long markers between A and some fii 
is dense in S}^{X). 

Proof: For the sake of brevity, for the duration of this proof we will refer to 
both the transversals e{H) to Eoo and the maps H : I x M+ M as markers. It 
should be clear from context which we mean in each case. 

By theor em [3.1.3 we know that the set of markers intersects every leaf of 



By theorem 3.2.2, this set is either dense or intersects almost every circle ^^(A) 
in a single point. Let r C E^o be a marker, and let / C i be the interval of 
leaves in L which it intersects. We know by corollary 2.3.3| that for any J C L 



there is some a G ni{M) with a{J) C /. It follows that a~^(T) is a marker which 
projects to an interval in L containing J. On the other hand, J was arbitrary. Let 
Ji , J2 be two intervals in L with a common uppermost leaf A and incomparable 
lowermost leaves /xi , /i2 ■ By construction, there are m arkers ri , T2 in from 



S'^(A) to ^^(/ii), 8^(112) respectively. By lemma 3.1.4 , these markers are disjoint 
in Eoo- It follows that there is an interval of leaves of L which intersect at least 
two (1, e)-markers, and therefore every leaf intersects at least two (1, e)-markers, 
and the set of (1, e)-markers is dense in Eoo. 

Even stronger, this set of markers is dense in S'i^(A) for every A. For, let K be 
a compact fundamental domain for M. For every point p G K in a leaf A of 
there are at least two markers in S^{X). So there is an upper bound 6* < 27r on 
the visual angle between any two markers, as seen from any point p E M. If there 
were some gap / C S'^(A) for some leaf A which did not intersect any marker, then 
there would be a sequence of points pi ^ p in X for which the apparent visual size 
of this gap would converge to 2tt, contrary to the existence of 6. It follows that the 
set of markers is dense in each 5'^ (A). 

In particular, for any n there are a pair of leaves X > fi for which there are at 
least n markers from A to /i. By corollary p. 3. 3 , for every pair of leaves A > /i there 
are infinitely many markers from A to fi. 

Now, if T C Eoo is a marker projecting to / C L, we can find a sequence of 
elements e tti{M) such that ai{I) C Q!i+i(/) and lJi"^i(-^) = a properly 
embedded line in L (i.e. r is unbounded both above and below). 

Since the ai{T) are all contained in -Eooir which is locally compact, and since they 
are all constrained to be disjoint from or contained in a dense set of transversals 
which are dense in every circle, we can find a subsequence which converges in Eoa\r 
to a long marker Too ■ We claim the translates of Tqo are dense in Eoo ■ 



For, if not, by theorem 3.2.2 the set of long markers intersects almost every leaf 
of Eoo in at most one point, and therefore, since each long marker intersects every 
leaf above its initial point, the set of long markers must intersect every 5^ (A) in 
exactly one point. Now, suppose fii are a collection of incomparable leaves below 
A. Then the long markers between fii and A must intersect A in a unique point qi 
in 5^ (A). Since the restriction of these long markers to M\ are still long markers 
relative to Lx, they must agree, and therefore the qi are equal to some q, for all i. 
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But how can this be possible? Remember Too, and therefore every long marker, 
is a hmit of a sequence of genuine (1, e)-markers, and (1, e)-markers are disjoint 
(or agree on the circles they both intersect) in i?oo- So for each j, g is a limit of 
a sequence of points £ S^{X) with j —> oo which are the endpoints of actual 
markers from fii to A. If q is the endpoint of an actual marker, q could be in 
M{X,fj,i) for some i. But there is at most one i for which this could happen. For 



every other i, infinitely many of the qf are distinct. By lemma 3.3.1, we know that 
M{X, /ifc) and M(A, /i;) are unlinked for I ^ k. It follows that if ql contain infinitely 
many points approaching q from the right, say, then for k ^ i^ the sequence q^. 
must approach q from the left. But we can certainly find at least 4 incomparable 
below A. It follows that either the qi are not all the same, or else some pair of 
points in M(A, /i^) links some pair of points in M(A, fjij) for some i ^ j. The second 



contradicts lemma 3.3.1, so not all qi are the same. But this implies that the Too 
are dense in -Eoo, and therefore dense in S'^(/i) for every leaf /i. Since every long 
marker continues indefinitely in the positive direction for all time, there are a dense 
set of long markers in S^{fi) from fi to X for any pair A > /z. Since long markers 
can be approximated by genuine markers, there are a dense set of genuine markers 
in S'^(/i) from /i to A. 

Conversely, since every long marker continues indefinitely in some negative di- 
rection for all time, there are a dense set of long markers in S'^(A) from A to some 
fii for any filter fii < X. Again, since long markers can be approximated by genuine 
markers, there are a dense set of genuine markers in iS'^(A) from A to some /i^ for 
any filter /ij < A, as required. □ 

Notice the asymmetry of the conclusion of this theorem. It is definitely not true 
that the set of markers from /it to A is dense in S'^(A) for X> fi. 

In the sequel, we will assume all our genuine markers are (1, e)-markers without 
further comment. 

Definition 3.3.3. Suppose ^ has one-sided branching in the negative direction. 
For X > fi leaves of J^, define A+(A, n) C X to be the boimdary of the convex hull 
of limit points p in S'^(A) of long markers between A and fi. Now set 



A+(A)= y A+(A,A*) 



a+ = Ua+(a) 



We call A+(A) the pinching lamination of A. 

In order to justify this terminology, we will show in the sequel the following facts: 



(1) For each leaf A of the set A+(A) is a geodesic lamination, (theorem 3.3.3) 

(2) The sets A+(A) vary continuously with A in the Hausdorff topology as a 
function of A. They sweep out a branched leafwise-geodesic lamination A+ 
of M which can be equivariantly split open leafwise to an actual lamination 
which intersects leaves of ^ in fc,e quasi-geodesics, for any fc > l,e > 0, 



and covers a genuine lamination A+ in M. (lemma 3.4.2) 

The idea is that the lamination A"*" describes how the leaves of ^ "pinch" off as 
we move in the negative direction. A higher leaf A cobounds a region in M together 
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with a disjoint collection of lower leaves JJ^ fij which are obtained topologically from 
A by "pinching" A along the leaves of A+(A, fij) for each j. 

For A > ^, let Mi{X,fi) C S'^(A) denote the set of endpoints of long markers 
between fi and A. So A"'"(A,/ti) is the boundary of the convex hull of M;(A,/i), 
for each pair X > fi. Notice that for each A,/i, the set Mi{X, fj.) is closed, and is 
contained in the closure of M{X,ijl). 

Theorem 3.3.3. Suppose J? has one-sided branching in the negative direction. 
Then for any X, A+(A) is a geodesic lamination in X. 

Proof: Suppose X > ^ > v. Any marker, and hence any long marker between 
A and v actually contains a submarker between A and /z, so we have containment 

Mi{X,v)cMi{X,ti) 

and therefore A+(A,//) and A+(A, v) do not intersect transversely. 



On the other hand, if A > /i, incomparable, lemma 3.3.1 implies that M{X,fj,) 
and M{X,i^) are unlinked, and therefore Mi{X, fi) and M/(A, i^) are unlinked since 
they are contained in the closures of the M(A, •). It follows that A+(A,/i) and 
A+(A, ly) do not intersect transversely. □ 

Remark 3.3.1. It is possible to define the A'^{X,fi) in terms of the endpoints of all 
markers between A and /i, but it will be more technically convenient in the sequel 
to work with long markers. 

3.4. Monotone maps and laminar relations. 

Definition 3.4.1. A geodesic lamination A of determines and is determined 
by a relation R\ on S^^, i.e. a subset of the space of pairs of distinct points 
X ~ diagonal with the following properties: 

(1) The relation is symmetric, i.e. xR\y iff yRf^x for each pair x^y. 

(2) The subspace of 5^ x S"^ — diagonal consisting of pairs x, y with xRjyy is 
closed 

(3) If xRAy and zR^w then the pair x, y does not link the pair z, w in S^^. 

We refer to such a relation as a laminar relation of S"^, or by abuse of notation, 
as a lamination of . The leaves of A are in 1-1 correspondence with unordered 
pairs X, y with xR^y. 

Notice that if Ra is a relation on S^^ satisfying conditions (1) and (3) above but 
not necessarily (2), its closure in x is a laminar relation. 

Notice too that a laminar relation is not an equivalence relation. That is, we do 
not require that this relation should be transitive. Firstly, this is forced on us by 
the fact that we consider the relation as a subset of the product minus the diagonal. 
But secondly, and more importantly, any four distinct points in contains linking 
pairs, so transitivity would be to a large extent incompatible with the "no-linking" 
condition. 

Definition 3.4.2. A monotone map (/> : 5^ — s- S"^ is a degree one map which does 
not reverse the circular order on triples of points. That is, if (a;,y, z) € (S^)^ is a 
positively ordered triple of points, then ((/'(x), (piy), is not a negatively ordered 
triple of points, and vice versa. Note here that the source and the target circles are 
distinct, and should not be thought of as the same circle. 
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A monotone map need not be injective. That is, if {x, y, z) are a positively or- 
dered (necessarily distinct) triple, the triple {4>{x), (l){y), 4>{z)) need not be distinct, 
and therefore need not be positively ordered. A monotone map can be uniquely 
described as a quotient map, where IJ • Ki C S"^ is a countable union of disjoint 
closed intervals, and the map (/) : 5^ SMs the quotient map (S'V ~) = S'^ 

given by quotienting each Ki to a point. 

If A is a geodesic lamination of H^, determined by a laminar relation Ra of S"^, 
and (f) : S*^ — > 5*^ is a monotone map, then the image of (j){R[^) in S]^ x S}^ — 
diagonal is a laminar relation of S}^ , where 

(j) : Sl, -K Sl^ - diagonal Sl^x Sl, 

is defined by 

= {(j){x),(l){y)) 

Conversely, if i?A is a laminar relation of S*^, we can pull back R\ by to produce 
a new laminar relation (/)~^(i?A) as follows: 

(1) IfxRAy, and both (j>^^{x), 4>~^{y) consist of single points p, q thenp0~^(i?A)9- 

(2) If xR^y where (j)^^{x) = p and <p~^{y) = / for some point p and interval /, 
thenp0-i(i?A)/+ and p(t>-^{RA)I~ ■ 

(3) If xR\y where (l)~^{x) — I and (j)^^{y) = J for some intervals I, J then 
I+(I>~^{Ra)J^ and J+ (j)~'^{RA)I' ■ 

Notice here that by our convention, xR\y implies that x and y are distinct. 

Here and /~ denote the anticlockwisemost and clockwisemost endpoints of an 
interval I C respectively. Said more informally, a circle is obtained from another 
circle under the inverse of a monotone map by blowing up a countable collection of 
points to intervals. 



minimal puUback maximal puUback 

Figure 3. A laminar relation on can be pulled back under 
a monotone map to another laminar relation. There are at least 
two obvious canonical puUbacks, which we refer to as the minimal 
puUback, and the maa;zmaZ puUback. By convention, we will assume 
our puUbacks are minimal. 

Notice that if -Ra is the trivial laminar relation on (corresponding to the 
empty subset of x — diagonal), the preimage (f)^^{RA) under a monotone 
map will also be trivial. Another possible definition of the puUback of a lamination 
would add x(p~^{RA)y for x,y endpoints of a nontrivial interval 4>~^{p) for any 
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point p. If we want to distinguish these puUbacks, we will refer to them as the 
minimal pullback and the maximal pullback respectively. These are just names — 
they do not denote any special property of these canonical pullback laminations 
with respect to the lattice of inclusions of laminar relations with image R\. In 
the sequel, by convention, 0"^(i?A) will always refer to the minimal pullback. The 
difference between these two puUbacks is illustrated in figure 3. 
As we have just remarked, it is clear that the composition 

i?A = 0o0-l(i?A) 

On the other hand, under the composition o some leaves of the lamination 
might be lost, and one obtains in general a sublamination. If (pi : are 
a sequence of monotone maps converging to the identity and if i?A is any laminar 
relation on , then the diameters of the intervals in which are collapsed by the 
4>i converge to 0, and the laminar relations converge: 

lim o (f)i(Rjy) = i?A 

i — >oo 

It is also clear that if : Sq ^ S\ is a monotone map, and 4>2 '■ S\ ^ S\ 
is another monotone map, for any laminar relation i?A of Sq, the composition is 
associative: 

The long markers between leaves of ^ give rise to a coherent family of monotone 
maps between the circles S'^(A) which relate the laminations A+(A). For the sake 
of brevity, in the sequel we will use the same notation for a geodesic lamination of 
a hyperbolic plane and for the associated laminar relation on its ideal boundary. 

Theorem 3.4.1. Suppose ."P has one-sided branching in the negative direction. 
Then there is a universal circle Sl^^^^ with a natural action of tti (M) on it. The 
action of Tri{M) leaves invariant a laminar relation A^^^^^ '^f Sl^niv Moreover, for 
each leaf \ of ^ there is a monotone map 

(f>\ : Sli^^iy 5^ (A) 

such that (f'xi-^univ) ~ ^^W' '^^'^ such that for A > /i, there is a monotone map 
^'fl ■ '^'^(A) Sl^{iJ,) with the property 

Proof: For X > fi, we know the set of long markers between A and fi are dense 
in Sl^{ii). These markers define a map from a subset of 5*^ (A) to a dense subset 
of S'^(^), by sending one end of the marker to the other. Notice that long markers 
do not cross. For, genuine markers do not cross, and long markers are Hausdorff 
limits of genuine markers. It follows that if two long markers cross, they could be 
approximated near the crossing by genuine markers which would be forced to cross, 



contradicting the (stronger) lemma 3.1.4. It follows that the map defined by long 



markers preserves the circular ordering on triples of points in S'^(A) and iS'^(/i). 
For, if Hi, H2, H3 are three long markers, we can find a 1-parameter family A/ of 
ideal triangles in the interval I C L from X to fi which are asymptotic in each leaf 
to the endpoints of the Hi. Since markers do not cross at infinity, the triangles 
might degenerate, but their orientation cannot reverse, relative to the orientations 
on the leaves of the Consequently the circular orderings of the endpoints of Aa 
and A^ agree if they are both nondegenerate. 
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It follows that there is a unique continuous extension of this map to a monotone 
map TT^ from S}^{\) to S^(p,) obtained by quotienting out complementary intervals 
to Mi{X,ii). Said another way, the intervals / C S^{X) quotiented out by tt^ do 
not intersect any long marker from /x to A in their interior, but their endpoints can 
be approximated by long markers from /i to A. The laminar relation A+(A, ^) can 
be seen to be the puUback of the trivial laminar relation of Sj^ under (vr^)^^- 



By theorem 3.3.2, the set of long markers is dense in Eao- If A > /i > z/, the set 
of long markers from v to X restricts to the set of long markers from ly to fi, and 
therefore these monotone maps satisfy a cycle condition 



on a set of points whose image is dense in S'^(i^), and therefore by the uniqueness 
of monotone extensions, the cycle condition is satisfied everywhere. 

It follows that we can obtain S^^^^ as an inverse limit of the tt^ . By the definition 
of inverse limit, for each A there is a map (j>\ : S^^^^ — > S'^(A) satisfying 0^ — Tr^ocf)^ 
for each pair X > fi. 

Now, for A > /i, we claim 7r^(A+(A)) = A+(/i) where these should be thought of 
as laminar relations of the corresponding circle at infinity. For, if A > is arbitrary, 
one of the following possibilities occurs: 

(1) The leaves /i, are incomparable. In this case, the long markers from 
to A are in a complementary interval in S'j^(A) from /i to A, and therefore 
7r^(A+(A, ly)) is the trivial laminar relation of S'^(/^). 

(2) We have X > ly > /.i. Then every interval quotiented out under tt^ : 
'^caW ~^ '^cai'^) is ^ subinterval of an interval quotiented out under tt^ : 
S'^(A) — + Sl^{n). It follows that 7r^(A+(A, ly)) is the trivial laminar relation 

(3) We have X > ij, > ly. Then the set of long markers from ly to X restricts to 
the set of long markers from v to ^. It follows that if / is a complementary 
interval to AIi{X,iy), the image of / under tt^ is a complementary interval 
to Mi{fj,, ly). It follows that the endpoints of 7r^(/) bound a leaf of A+(/i, ly). 
Conversely, the endpoints of every such leaf bound an interval in the image 
of some / as above. Thus 

^^(A+(A,^.))=A+(m,z.) 

It follows that a dense subset of 7r^(A+(A)) is contained in A+(/i), and moreover the 
image contains a dense subset of A+(/i). Since both laminar relations are closed, 
they are equal, and 

7r^(A+(A))=A+0.) 

for all A > /X. 

Now, for Xi an increasing unbounded sequence of leaves, the monotone maps (j^Xi ■ 
^univ ~* ^oai^i) quotient out smaller and smaller subintervals, by the definition of 
an inverse limit. It follows that the laminar relations (j)'^^ {A^ {Xi)) are an increasing 



union of compact subsets of S^^^^^ x S^^^-^^, and converge in the Hausdorff topology 
to a laminar relation A^^^j^ of S^^^^. By construction, 0A(A^,jjy) = A+(A) for each 
A. Moreover we have 

lim 0A><^A.(A+,J = A+,, 

I — >-oo 

converging as compact subsets of S^^^^^ x S^^^^. 
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Now, any two increasing sequences of leaves are eventually comparable, and 
therefore the natural action of tti{M) on the set of increasing unbounded sequences 
of leaves induces an action on S^^^^^ which preserves the laminar relation A^^^j^. □ 

Lemma 3.4.2. Let Auniv be an invariant laminar relation in 5'^„j„. Then for each 
leaf X of ^ there is a geodesic lamination A(A) determined by the laminar relation 
4>\i^univ) C S'^(A). Then 

A = UA(A) 

A 

is a branched lamination, which can be split open to a lamination of M which 
intersects leaves of ^ in k, e-quasigeodesics for any k > l,e > 0, and covers an 
essential lamination in M . 

Proof: To see that A is a branched lamination, we must first show that A(A) 
varies continuously with A, in the geometric topology. Let T{t) for i G / be a 
transversal to intersecting leaves At. Parameterize r as the interval [—1,1], so 
that A = Ao is an interior leaf. Let Coo be the cylinder i?oo|r- 

We claim that as for ti an increasing sequence, the set of long markers 
from At; to A converges to all of S'^(A). For, by theorem |3.3.S , for any filter fj,i < A, 



the set of long markers from A to some fii is dense in S'^(A). But for any z, there 
is a tj such that for tk > tj, Atj. > /i^. This proves the claim. In particular, for any 
e, there is an i such that for j > i, the set of endpoints of markers from At^ to A is 
an e-net in 5^ (A), in the visual metric as seen from t(0). 

Conversely, if ti for ti a decreasing sequence, the set of long markers from 
A to Af; is eventually arbitrarily dense in S'^(Ati). That is, for any e, there is an 
i such that for j > i, the set of endpoints of markers from A to Af^. is an e-net 
in S]^{\tj), in the visual metric as seen from T{tj). For, the set of long markers 
is dense in S'^(A), so pick a finite set Mu which are an e/2-net in 5*^ (A). The 
visual angle between the endpoints of a pair of markers as seen from T{t) varies 
continuously as a function of so for some sufficiently small 5, when t < S, the 
visual angle between endpoints of pairs of consecutive markers Mk, Mk+i is at most 
e. Choosing Ti < S proves the claim. 

In particular, the map 

Tlx ■■ SU^i) xI^C^ defined by nx{;t) = 7:ll{-) 

is continuous at 0. Since was an arbitrary choice in our parameterization of /, 
this map is continuous everywhere. 
It follows that the laminar relations 

A(At) -0A, (Auniv) = nA(-,i)(A(Ai)) 

vary continuously as a function of t. Since the corresponding geodesic laminations 
of leaves of At are determined on any compact subset in a continuous way by the 
laminar relations at infinity, and since the leaves of ^ vary continuously on compact 
subsets, the geodesic laminations A(At) vary continuously in the Hausdorff topology 
on compact subsets. 

We conclude that the A(A) sweep out a lamination A of M, with the following 
proviso: it is possible for distinct leaves of A(A) to be identified to a single leaf of 
A(/i) for X > fi, so that A might merely be a branched lamination, whose branch 



26 



DANNY CALEGARI 



locus is a l-manifold (i.e. the branch locus does not cross itself) and leaves branch 
open only in the positive direction. By the equivariance of the construction, A 
covers a branched lamination A of M, which branches in the positive direction 
along a l-manifold. 

The fact that the branch locus is a manifold implies that A can be split open to 
a lamination; but the fact that the branching is all in one direction means that this 
splitting can be done canonically, arbitrarily close to the identity. We call the split 
open lamination A, and its universal cover A, by abuse of notation. Notice that 
the complementary regions to A correspond to the complementary regions to the 
geodesic lamination Auniv of bounded by S^^^^. Since the splitting is done in 
the negative direction, distinct complementary regions to A are not joined together 
by the splitting and the complementary regions still correspond to complementary 
regions to Auniv _ 

Leaves carried by A before the splitting are planes transverse to ^ and inter- 
secting leaves of ^ in geodesies. The leaves in the split open lamination A are also 
planes transverse to and may be taken to intersect leaves of ^ in A:,e quasi- 
geodesics, for any uniform choice of A; > 1 and e > 0. It follows that leaves of A are 
incompressible. Moreover, since M = M.'^, complementary domains are irreducible. 
It is easy to see that end incompressibility is satisfied, so A is essential, as required. 
□ 

The object A"*" defined as the union of the A+(/x) is 7ri(M)-equivariant, since its 
definition involves no choices. Therefore it covers an object in M, which we refer 
to as A+. That is, 

A+ = 7r(A+) 

Theorem 3.4.3. A"*" can be split open to a genuine lamination of M transverse to 
, and intersecting leaves of ^ in fc,e quasigeodesics for any fc > l,e > 0. 

Proof: The intersection of A+ with each leaf A is a geodesic lamination whose 
corresponding laminar relation is the image of AjJ^^j^ by the monotone map (f)\ . 



It follows from lemma 3.4.2 that the laminations A+(A) vary continuously from 
leaf to leaf, and sweep out a (possibly branched) essential lamination of AI which is 
natural and therefore covers a (possibly branched) essential lamination of M which 
can be split open to give an essential lamination, which by abuse of notation we 
call A+. 

A+ could only fail to be genuine if A+(A) was actually a foliation for each A. 
But in this case for each A there is an interval / in 5^ (A) where the endpoints 
of the leaves of the foliation are all distinct. Let pi e A be a sequence of points 
converging to a point in the interior of /. Then we can translate the pi to a fixed 
fundamental domain of AI and extract a convergent subsequence with the property 
that the foliation of the limiting leaf A' is by all the geodesies asymptotic in one 
direction to a single point q G 5^ (A'). We call this the asymptotic foliation of H^. 

Notice that this point is an endpoint of A'^(A', /i) for all ^ < A'; in particular, it 
is a limit of markers, and it is clear therefore that the "asymptotic point" sweeps 



out a long marker. As in the proof of theorem 3.3.2 this is absurd for a foliation 
with branching. Hence the geodesic lamination A+(A) has complementary regions 
with > 2 boundary components for some (and therefore all) A, and the same is true 
of A+. In particular, A+ is genuine, as required. □ 
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In the sequel we will distinguish A+ before and after splitting by letting 
denote the (possibly) branched lamination, and A+ the result of splitting it. 



Remark 3.4.1. In fact, we will see in corollary 4.2.3 that no splitting is necessary 
for A"*" — that is, the lamination we construct has no branching, and does not need 
to be split open. 

Remark 3.4.2. It is actually not hard to show that the lamination produced by 
any invariant laminar relation Auniv of S^^^^^ is genuine, by following the strategy 
of theorem 4.6.4 in Roughly, one shows that if Auniv gives rise to a lamination 
which is essential but not genuine, Auniv is the asymptotic foliation. It is not too 
hard to show in this case that the corresponding asymptotic points p{X) G S'^(A) are 
directions in which nearby leaves of ^ diverge at infinity; but this quickly implies 
that leaves of ^ converge in every other direction at infinity, and one obtains a 
contradiction by the methods of section 2. The proof is somewhat streamlined for 



^univ ^^'^ therefore we give a complete proof of this case in theorem 3.4.3 



Corollary 3.4.4. Suppose ^ is a taut foliation with one-sided branching of an 
atoroidal 3-manifold M . Then tti(M) is S-hyperbolic in the sense of Gromov. 



Proof: This is an immediate corollary of theorem 3.4.3 and the main result of 



|10|. □ 

Remark 3.4.3. The main result advertised in is the existence (for an arbitrary 
oriented and co~oriented taut foliation) of a universal circle S'uui^ with an action 
of 7ri(M) on it, which maps monotonely to each S'^(A). No proof of this fact is 
actually written in , but a program to produce such a proof has been outlined by 
Thurston in several talks and personal communications. A sketch of an alternative 
construction is also given in a. 



Theorem 3.4.1 substantially strengthens this claim of Thurston for foliations with 
one-sided branching; in particular, the existence of monotone maps tt^ : S'j^(A) — > 
S]^ {^) compatible with the 4>\ demonstrates that our universal circle is the smallest 
possible (i.e. there is a monotone tti (M)-equivariant map from any other universal 
circle to ours) and our construction makes the relationship of this circle to the 
extrinsic geometry of ^ much more explicit. 

4. The bending lamination 

4.1. Geometry of the pinching lamination. We analyze in more detail the 
geometry of A+. From this we can get more detailed information about the repre- 
sentation of 7ri(M) in Homeo(iS'univ)i ^'^d thereby produce another lamination A~j^j^ 
of "S'^jjjy which will complement A^^^j^. It is useful to think of this complementary 
lamination as arising from the tension between the intrinsic and extrinsic geome- 
try of leaves A of ^ in the subspaces M^. Leaves of ^ are uniformly properly 
embedded below (though not in general quasigeodesically embedded below). Con- 
sequently, the leaves bend in the negative direction, but they do not pinch and give 
rise to branching. 

We use some technology here from the theory of genuine laminations. For details 
of this theory, see . Basically, we use the fact that the complementary regions 
to a genuine lamination can be partitioned into finitely many compact gut regions^ 
and /-bundle interstitial regions which meet each other along compact interstitial 
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annuli. This partition is not unique, but there are several canonical choices, in- 
cluding a maximal gut partition, where the /-bundles are chosen to be as small as 
possible, and are all noncompact, and a minimal gut partition, where the union of 
the /-bundles is the characteristic /-bundle of the complementary region, in the 
sense of Jaco-Shalen and Johannson. 

Theorem 4.1.1. Let A be a genuine lamination transverse to ^ intersecting ^ 
in {k, e)-quasigeodesics. Then the interstitial annuli of A can be straightened to be 
transverse or tangential to Moreover, either M is toroidal and one can find a 
reducing torus, or A has solid torus guts. 

Proof: Let © be a gut region complementary to A bounded by some finite col- 
lection Ai of interstitial annuli. Let Ai be a lift of Ai to M, and let 7^ be the element 
of 7ri(M), acting by translation on Ai so that Ai/% = Ai. Since ^ does not branch 
in the positive direction, a fundamental domain for the intersection dAi n A for A a 
boundary leaf of A can be isotoped in the positive direction until the endpoints are 
on comparable leaves, and then straightened to be transverse or tangential. This 
can be done with both sides of dAi , and then the annulus straightened leafwise on 
its interior to be transverse or tangential. For, A is transverse to and therefore 
in A one can isotope in the positive direction. This straightening is more or less the 



same as the procedure carried out in lemma 2.2.2. 

Now the boundary 9© of the gut region is a compact surface transverse to 
^ or possibly tangent along a collection of annuli, and therefore can be given a 
nonsingular one-dimensional foliation. It follows that d& is a torus or Klein bottle. 
If this torus is essential, M is toroidal. Otherwise d® is compressible and bounds 
a solid torus, since TTi{Ai) TTi{d®) is injective. One sees immediately that © is 
a solid torus, with the structure of a finite sided polygon bundle over S^. □ 

Remark 4.1.1. It is a special property of taut foliations with one-sided or no branch- 
ing that loops can be homotoped to be transverse or tangential. For foliations with 
two-sided branching, one can always find loops which are not homotopic to trans- 
verse loops. This fact is exploited in Q to explore the space of isotopy classes of 
taut foliations on a 3~manifold with the geometric topology. 

Remark 4.1.2. If M is atoroidal, since the guts are solid tori for any choice of 
partition of complementary regions into guts and interstitial regions, it is well- 
known (see e.g. |l^) that in this case the complementary regions G to A are ideal 
polygon bundles over S^, and the interstitial regions are products x M+ x / 
corresponding to the cusps of the ideal polygons xS^. One typically says in this 
case that A+ is very full. 

It follows that the complementary regions to A"*" are finite sided ideal polygon 
bundles over S^. Wc fix the following notation in the sequel: G will denote a 
complementary region to A+, and G will denote a complementary region to A"*" 
covering G with gut ©. Since G is a bundle, some finite cover of G is topologically 
a product P x for some ideal polygon P, and G is topologically a product P x M. 
The boundary of the gut of G is a solid torus foliated by the intersection with ^ 
away from the annuli Ai which are tangent to These annuli can be foliated as 
products, to give a nonsingular foliation of the boundary of a gut & of G. On each 
annulus of A"*" n 8(5 the foliation is a product, which is transverse along dAi where 
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Ai is transverse to and is asymptotic to dAi where Ai is tangent to The 
fohations of the Ai are products — either meridional in case Ai is transverse to 
or longitudinal if Ai is tangent to 

If A is a leaf of ^ intersecting the gut part of G, the intersection A n G is some 
(possibly infinite) polygon P' . Its projection to M is transverse to 90 away from 
the Ai, but might spiral around the Ai which are tangent to If an end of P' stays 
in the gut © of G, it must spiral towards some Ai. An end of P' is topologically a 
product; if it stays in (&, it can't get too thin. A pair of geodesies in H'^ which stay 
close together on some noncompact set must actually be asymptotic; it follows that 
the end of such a P' spirals around some blown-up branch locus of A^. That is, 
the annulus Ai is obtained by splitting open A^ along a branch circle. Conversely, 
if Ai is a tangential annulus, the two boundary curves are isotopic, and collapse to 
a branch circle when straightened to leafwise geodesies. The end of P' has infinite 
area in the split open lamination, but had finite area in the branched lamination. 
It follows that P' is combinatorially equivalent to P. On the other hand, if P' is 
contained in the thin part of G, it is an infinite bigon, created when A"*" was split 
open. 




Figure 4. A complementary polygon P' C A intersects G in a 
polygon which might be transverse to some interstitial annuli Ai 
and spiral around some other Aj corresponding to branch circles 
ofA+. 

Notice, since ^ only branches in the negative direction, polygons P' of A n © 
spiral in the positive direction around the tangential Ai, as in figure 4. Moreover, 
the foliation of ((96\U tangential Ai) is filled in with a foliation of by disks of the 
form P' as above. In particular, this is a product foliation away from the tangential 
Ai. That is, the foliation of 8*8 is a product foliation by circles turbularized in the 
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positive direction along the tangential annuli, and the foliations induced by ^ on 
each annulus of A+ n 90 is a p roduct foliation by closed intervals. 

Of course, in corollary 4.2.3, we will show that P' will actually be transverse to 
all the Ai, so that no turbularization is necessary. 

We define a complementary region P to A^„j^ to be a complementary region 
to a geodesic lamination of determined by the laminar relation A^^^j^. If (j) ■ 
"^univ — ^ "S*^ is a monotone map, the image of the vertices of P are the vertices of 
a complementary region to ^^^^ they consist of either two or one ideal 

vertices. In any case, it makes sense to talk about the image of a complementary 
region under a monotone map. 

Our characterization of the intersections n A for © a gut of A+ and A a leaf 
of ^ has implications for the monotone maps (px : S^^^^^ S'^(A). In particular, 
for each complementary polygon P to Auniv, the map 4'\ does one of the following 
three things: 

(1) The map (jjx does not collapse any boundary leaves, and there is a com- 
plementary region to A"*" (A) corresponding to P which is an ideal polygon 
with the same combinatorics as P. This happens for all sufhciently high 
leaves A. 

(2) The map (px collapses P to a single geodesic in A+(A). In the split open 
lamination, these bound an infinite rectangle. If A is the uppermost leaf 
with this property, the corresponding geodesic in A+(A) is a branch line of 
the branch locus of A+ before it is split open. 

In theorem 4.2.2 we will show that this geodesic is stabilized by some 
non-trivial element of tti (M) and covers a branch circle in A+ before split- 
ting open. After splitting open, this becomes a tangential interstitial an- 
nulus Ai. Together with an analysis of the combinatorics of the action of 
7ri(M) on S'ujjivi we will actually see that this case cannot occur. 

(3) The map (t>x collapses P to a single ideal point, and there is no correspond- 
ing complementary region or geodesic in A''" (A). 

It follows that for each complementary polygon P to A+(A), and each A > /x, 
the monotone map 

either preserves the combinatorics of P, collapses P to a geodesic (or infinite rec- 
tangle after splitting), or collapses P to a single ideal point. 

Corollary 4.1.2. If M is atoroidal, the complementary regions to ^^^iv '^''^ finite 
sided ideal polygons. 

Proof: The complementary regions to A^^^j^ correspond to the complemen- 
tary regions to A"*", which are lifts G of complementary regions G to A"*". For A 
sufficiently high up, the intersections A n G are finite sided polygons P' with the 
same combinatorics as P. It follows that for A^ an increasing unbounded sequence 
intersecting G higher and higher up, the complementary regions to A"'"(Ai) which 
intersect G are ideal polygons isomorphic to P. It follows that the complementary 
region to A^^^j^ corresponding to G is an ideal polygon isomorphic to P. □ 



Corollary 4.1.3. If M admits a taut foliation with one-sided branching, then any 
homeomorphism f : M M homotopic to the identity is isotopic to the identity. 
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Proof: If M is toroidal it is Hakcn, and Waldhausen's theorem applies. Other- 
wise one can construct A+ which has solid torus gut regions. Now apply the main 
theorem of □ 

In the sequel we will assume without comment that M is atoroidal, and therefore 



corollary 4.1.2 applies 



Definition 4.1.1. Let X be a line transverse to We say X is regulating in the 
positive direction if some (and therefore every) positive ray contained in X projects 
properly to L. Equivalently, if X intersects a leaf /i of J?, it intersects all A with 
X > fi. Similarly, X is regulating in the negative direction if some negative ray 
contained in X projects properly to L. 

If a is a loop in M transverse to we say a is regulating in the positive direction 
if every component of the preimage a C M is regulating in the positive direction, 
in the sense above. 

Let G be a complementary region to A+, and let a be the core circle of G. Some 
finite cover of G is a product P x S*^, so some power of a fixes the vertices of the 
corresponding polygon P in S^^^^. 

If G is a lift of G, if a leaf of ^ intersects the gut of G, the same is true for 
all higher leaves X > fi. In particular, the lift S of a is regulating in the positive 
direction. 

Suppose A"^ is not minimal. Then a minimal sublamination A^ has solid torus 



guts, by theorem |4.1.1| , and these must be finite unions of solid torus guts of A+ 
glued along finitely many isolated leaves. It is clear that a unique such minimal 
sublamination exists. It follows that A+ is obtained from A+ by removing these 
finitely many isolated leaves. In terms of the universal circle, A^^^j^ is obtained from 
(A+ )univ by adding some diagonals to the complementary ideal polygons. 

If a is a core circle of a gut region of A+ , a is also regulating in the positive 
direction. Moreover, a gut region 25 of A+ is foliated as a bundle by polygons 
contained in leaves of ^ as illustrated in figure 4. If the projection of the negative 
end of some lift 5 to L is proper, the interstitial annuli Ai are all transverse to 
and isotopic to some finite cover of a. If there were a diagonal leaf I of A+\A+ 
in such a gut, the intersections Z n A for A G =^ would be leaves of A+(A, /x) for 
some X > fi, since I is isolated, and therefore its intersections cannot be a nontrivial 
limit of leaves of A+(A, •). Since I is isolated, the uppermost leaf ii for which 
Z n A G A+(A, /i) is constant as A varies. But 6 is regulating in the negative 
direction, and therefore intersects leaves v which are either incomparable with jj, or 
are below /i; in either case, A+(j/, /x) would be empty, contrary to the fact that I H v 
is nontrivial. Thus we can prove the following lemma: 

Lemma 4.1.4. Let G be a complementary region to A+, and suppose there is a 
leaf I of A"'"\A^ contained in G. Then the core circle of G is not regulating in 
the negative direction, and for all leaves X of ^ intersecting G in polygons, the 
intersection I Ci X is a leaf o/ A+(A,/i) for some fixed fj, which is a lowermost limit 
of&. 

Proof: This is basically established in the discussion above, except for the last 
claim. Of course, fi is below every leaf intersecting (&. On the other hand, an 
isolated leaf of A+(A,/i) can be continued in the negative direction until /Lt. Since 
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the leaf I is isolated and intersects © leafwise, it follows that © can be continued 
in the negative direction until /i, as claimed. □ 

Of course, it is possible that some interstitial region of G\& could be continued 
below /X, so it is only the gut which stops at /i. Notice too that if k are a (necessarily 
finite) collection of leaves of A+ in G, the set of fii that they limit to are all limits 
of the ordered decreasing sequence of leaves that © intersects. 

Now, the lamination A+ is minimal, and therefore every leaf of (A+)univ is a 
limit of a sequence of translates of any other leaf. In particular, no leaf is isolated. 
Notice that every non-isolated leaf of A^^^j^ is a leaf of A+ . 

4.2. Combinatorics of the action on S^^^^. In order to pass flexibly between 
laminar relations and geodesic laminations, we will refer to a pair of points in a 
circle related by some laminar relation as a leaf of that laminar relation. These are 
the endpoints of the corresponding leaf of the corresponding geodesic lamination 
of bounded by that circle. It should be clear from context which meaning is 
appropriate in each case. 

The following technical lemma shows that for a convergent sequence of leaves 
Zj — > / of A^jjj^, the endpoints of the k are distinct from the endpoints of the I. The 
proof of this lemma is annoyingly fiddly. Perhaps there is a broader context for this 
lemma allowing a more robust proof. 

Lemma 4.2.1. Let I be a leaf of (A^) univ , and let U be a sequence of leaves limiting 
to I. Then the endpoints of the k are disjoint from the endpoints of I. 

Proof: Suppose there arc li I with the asymptotic to an cndpoint p of 
I for sufHciently large i. If there is some leaf I' which can be approximated by l'^ 
whose endpoints are disjoint from I', then if a{l') is suSiciently close to I, ct{lj) will 
intersect li transversely, for sufficiently large j. It follows that every leaf can be 
approximated by leaves asymptotic to exactly one end, in particular the same is 
true of the k. Since the k could be taken to be non-isolated on either side, the Zj 
can be approximated from cither side. It follows that the approximating leaves on 
either side are asymptotic to the same endpoint p oiU. Moreover, if Hs a boundary 
leaf of some polygon P, and V is the other boundary leaf of P asymptotic to I at 
p, then V is approximated on the other side by leaves asymptotic to I' at p. For, a 
sequence ai{l) of translates of I converges to I, and the sequence ai{l') necessarily 
converges to I too from the same side. So the aj all fix p, and it follows that the 
leaves approximating V arc asymptotic to V at p. For each leaf I of (A^Juniv it 
follows that there is one end, the sticky end, such that approximating sequences 
li — > I share a sticky end with I. Moreover, for each polygon P, the vertices alternate 
between sticky ends and free ends (i.e. the non- sticky ends of leaves of dP). We 
will assume in the sequel that I is a boundary leaf of P such that the other vertices 
of P are clockwise from p before the free end of /. 

Let ^ denote the set of leaves of A^^^j^ which arc asymptotic to p. A dense 
subset of these, project by (/>a to leaves of A+(A) which are of the form A+(-, ji) 
for various /i. Here we are just using the fact that A+ (A) is the closure of the union 
of A+(A, ^) as /i varies. If U denotes a leaf of for which <i)\{li) C A"'"(A,/ii) for 
some Hi, then by the definition of A+(A, /Xj), the intersections with 5^ (A) of the 
markers from /ij to A converge to (f)\{p). Let .i^g" be the subset of for which the 
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markers converge to p from the anticlockwise side, say. That is, the intersection of 
the markers with S]^{\) converge to (/'a(p) from the anticlockwise side. 

Then the markers from /ij and /ij to A are interspersed with each other for any 
two i, j with rrii G ^ since they both contain infinite subsets whose intersections 
with S'^(A) converge to (j)\{p) from the anticlockwise side, so the leaves are 
comparable. If there is a such that the markers from /ife to A converge to (px{p) 
from the clockwise side, including the degenerate case that the markers from /Xfc to 
A near (p\{p) are actually equal to (j)\{p), there is a translate of ruk between two 
elements rrii, mj of -S^o^. Since the markers from m,i, nij and nik converge to p from 
opposite sides, the leaf fik is incomparable with fXi < fij, say. On the other hand, 
markers from converge to the free end of rUk which is contained between the 
free ends of rrii and rrij, and therefore markers from fj,k to A link markers from fj,j 
to A, which implies they are comparable. This is a contradiction, and therefore one 
can conclude that either = or for every rrik, the set of markers from fj,k to 
A near (j)x{p) are actually equal to 4'x{p). In the second case, then for any i, there 
is an actual marker from fii to A which intersects <S'^(A) at 4'\{p). In particular, 
any two fii,lJ,j are asymptotic to A at the same point at infinity, and therefore /Xj 
and /Xj come arbitrarily close. But this implies they are comparable. It follows in 
either case that all the leaves in jSfo are of the form A+(-, /Uj) where the fii are all 
comparable. 

We claim that the free ends of ^ converge to p from either side. Since otherwise, 
by the fact A+ ■ , is closed, there is an "outermost" I G But this is either a 
boundary leaf of some complementary region P, in which case another side of P 
is further out than I, or it can be approximated on the outermost side by leaves, 
whose sticky end must necessarily be at p; such approximating leaves would again 
be further out than I. In either case, no such outermost I can exist, and the claim 
is proved. 

Fix P, a complementary region asymptotic to p along some boundary leaves I, I' 
with the free end of I' anticlockwise from the free end of I in the complement of p. 
Since is dense in the free ends of converge to p from either side. Let 
Hi for z e Z be a sequence of leaves associated to the rrii € Jfo whose free ends 
converge to p from the clockwise and the anticlockwise direction as i ^ — oo and 
i +00. The leaves /Uj are all comparable, and we might as well take /Xj < i^j for 
i < j. Moreover, as i ^ — oo, all endpoints of markers M{\,Hi) for any fixed A 
converge to (j)\{p)- In particular, the laminations A+(A,/ii), being the boundary of 
the convex hull of these endpoints, converges in the Hausdorff topology in AUS'^ (A) 
to the single point cf)\{p). It follows that the sequence Hi decreases without bound 
as i ^ — oc; for, if the jii were all bounded below by some leaf k of the convex 
hull of each A+(A, ^i) would contain the convex hull of A+(A, k) which is nonempty, 
since there are infinitely many markers from k to A. 

If 7 is a power of the core geodesic of the complementary region G corresponding 
to P, the lift 7 is regulating in the positive direction. Moreover, for all G J^q 
whose free end is anticlockwise from P, the complementary region G is contained in 
the region bounded by A+(A, /ij), and therefore ^^^{P) is a nondegenerate polygon 
in Hi- In particular, Hi intersects G, and the sequence of leaves 7"(/ii) increases 
unboundedly as n ^ oo. 

It follows that for every i sufficiently large, and for every j > i, there is some 
positive n such that 7"(/ii) > Hj- Consequently, the free ends of 771^,7" (mi) and 
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the point p are anticlockwise ordered, for sufficiently large n. That is, the images 
of the free ends of the rm converge under the action of positive powers of 7 to p, 
from the anticlockwise side. Thus the dynamics of 7 on the clockwise interval from 
p to the free end of I' has no fixed point, and the images of every point in this 
interval converge to p under increasing powers of 7. Conversely, since I is fixed by 
7, it follows that 7 fixes some leaf /x greater than all /Xj corresponding to rrii G ^0 
whose free end is clockwise from the free end of /. For all m £ -Sfo whose free end is 
anticlockwise from the free end of Z, the leaves m are quotiented to a point by 0^, 
but no leaf k e ^0 whose free end is clockwise from the free end of I is quotiented 
to a point. Since 7 fixes /z, it acts on ^ by a hyperbolic isometry, and therefore has 
exactly two fixed points in One of these must be the other is some 

point q. Under the action of 7 on S'^(^), the leaves 7* (A:) converge to the geodesic 
from (l)fj,{p) to q (here i — > ±00 as appropriate). In particular, there is a sequence 
n, in ^0 whose projection to /i converges to the geodesic 4'n{p)q, such that the 
free ends are moving anticlockwise. Since the free ends are moving anticlockwise, 
this sequence Ui corresponds to leaves of A+(/u, Vi) for some increasing sequence of 
leaves z^, whose upper bound is Wc must have v < jj,, since if Vi /i, then rij 
would converge to the point 4'fi{p)-, whereas in fact they converge to the geodesic 
(j)f_i{p)q. The action of 7 preserves the set of all Vi for which m has free end clockwise 
from q, and therefore it fixes their upper bound 1^. So there is some v < which is 
fixed by 7. As before, we can consider the action of 7 on S^{u), which has exactly 
two fixed points (j)v{p),r and translates points on either side of the fixed points in 
different directions. But the action of 7 on and S^^iy) commute with the 

monotone map ttj^. So 7 fixes the extremal points in (7r^)~"'^(r) which are disjoint 
from q, since 7r^(g) = (pi^{p)- In particular, 7 has at least 3 fixed points on 
which is absurd. See figure 5. 

This contradiction proves the lemma. □ 

Part of the difficulty with proving this lemma is that the 3-dimensional origin 
of the lamination A^^^j^ is essential. We make the following definition: 

Definition 4.2.1. A group P of homeomorphisms of is sticky if it satisfies the 
following properties: 

(1) P leaves invariant a lamination A whose complementary regions are finite 
sided ideal polygons which fall into finitely many orbit classes. 

(2) A is minimal for the action of P (i.e. the orbit of every leaf is dense). 

(3) Some (and therefore every) leaf of A has a sticky end — i.e. it is a limit of 
a sequence of leaves which are asymptotic to one of its endpoints. 

The problem is that sticky groups exist, and even occur quite naturally. 

Example 4.2.1. Let Too be the infinite 00-valent tree. For each vertex v, choose an 
identification of the edges incident to v with the dyadic rationals in (—1, 1). Thicken 
every edge to the diagonal of a quadrilateral, so that Too is embedded in an infinite 
2-complex Soc . We embed in the following way: the vertices are mapped 

to ideal points, the squares map to an ideal quadrilateral, and the ordering of the 
opposite vertices of the squares incident to a given vertex v inherited from — v 
should agree with the ordering given by the identification with the dyadic rationals. 
Such an embedding is easy to construct; one particular choice is illustrated in figure 
6. 
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Figure 5. 7 fixes fi, and therefore fixes only the points 
and q in S'^(/i). But 7 leaves invariant an increasing sequence 
of leaves Vi such that A+(/i,t'i) contains leaves converging to the 
geodesic (l)^(jp)q] in particular, 7 also fixes v < But then 7 fixes 
r £ Sl^iv), and therefore fixes at least 3 points in Sl^{p). 



For each ideal quadrilateral, the sticky ends correspond to vertices of Too, whereas 
the free edges correspond to nothing. If we build an abstract topological space 
from the disjoint union of closures of complementary polygons, gluing two such 
polygons along sticky vertices which map to the same point of S^, the resulting 
space deformation retracts to Too- 

The group of automorphisms of this lamination contains many interesting sub- 
groups, such as copies of Thompson's group, and many countable finitely generated 
subgroups which act minimally. For instance, the stabilizer of every vertex in F 
admits a homomorphism to the group of homeomorphisms of the dyadic rationals 
in (—1, 1); one can take the image to be Thompson's group, and for appropriate F, 
one can find sections of this homomorphism. 

In ^ we actually prove that if M is a 3-manifold, and tti{M) acts as a sticky 
group of homeomorphisms of , then M is Haken. 



Recall in lemma 3.4.2 that we produced the genuine lamination A+ of M from 
an a priori branched lamination, which we denote here by , whose branch locus 
consists of a union of 1-manifolds tangent to These components are either 
circles or lines; a branch circle 7 is split open to a tangential annulus 7^ which can 
be taken to be a boundary annulus of a gut region. A branch line 7 is split open 
to a tangential rectangle 7s, which can be taken to be contained in an interstitial 
region. In this case, the interstitial annulus bounding 7^ away from the gut can be 
taken to be transverse to ^. See figure 7. 
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Figure 6. A lamination A invariant under a sticky subgroup of Honieo(S'"'^) 



We will show in fact that the branch locus is empty — that is, that A^ = A+. We 
do this in two steps: firstly, by showing that each component of the branch locus is 
a circle, and secondly by showing that there are no circle components. The first step 
does not use the results we have proved about sticky laminations, and comes down 
to the fact that if a branch locus is a line, then it is covered by infinitely many 
lines which all bound the same interstitial region. Since the interstitial regions 
correspond to vertices of an ideal polygon Puniv, we can construct a collection of 
leaves of A+^j^ which cross boundary leaves of Puniv, giving us a contradiction. The 
second step uses the fact that A^^^j^ is not sticky, by considering the action of the 
element of the fundamental group corresponding to a branch circle 7 on the circle 
at infinity of a leaf A containing a cover 7. 



Theorem 4.2.2. The branched lamination A^ constructed in lemma S.J^.i, which 
is split open to produce A^ 
circles. 



has branch locus a (possibly empty) finite union of 



Proof: Since A+ is genuine, and no complementary region is a product, there 
are only finitely many complementary regions. It is easy to see that the same is 
therefore true for Aj^. Note that a branched lamination can be naturally partitioned 
into guts and interstitial regions just as an ordinary lamination can, where for any e, 
the interstitial region can be constrained to be contained in the set of points where 
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Figure 7. If 7 — a branch component of A'^ — is a circle, it gets 
split open to a tangential annulus 7^ = A. If 7 is a line, it gets split 
open to a tangential rectangle 7^, bounded from 25 by a transverse 
annulus A. Polygons P(A) spiral around 7^. 



the injectivity radius of the complementary region is at most e, and the guts and 
interstices meet along annuli. In theorem 4.1.1 we showed that interstitial annuli 



can be straightened to be transverse or tangential to the same proof obviously 
applies to interstitial annuli in complementary regions to branched laminations 
where the branch locus is tangent to which is exactly our situation. Each 
component 7 of the branch locus is in the boundary of exactly one interstitial 
region /, meeting a gut C5 along an annulus A, where A is transverse or tangent to 
Assume 7 is noncompact. 
A runs between two leaves Z,m of A^. Let A be a cover of A in Af, and let 
I, fh be the leaves of A^ it runs between. Let a S tti (M) be the stabilizer of A, 
corresponding to the loop which is the core of A. The leaves correspond to 
leaves lunW, "luniv of A^j^j^. If A were tangent to then we could assume A is 
contained in some leaf A of stabilized by a; but then a would preserve the 
distinct geodesies /(A), m(A) of A, which is absurd since a acts on A by an isometry. 
So A is transverse to and a (say) moves points on A in the negative direction 
in M. 

Let 7 denote a lift of 7 which is a boundary component of I H rn, and suppose 
7 C ^ for a leaf of Choose a A with fi < X and X Ci A nonempty. The 
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translates a" (7) are distinct boundary components of Z n to, since if a stabilizes 
7, it covers a compact 7, contrary to assumption. Let /i„ — d'^{pL), and consider 
the set of markers from to A for some A intersecting 0. By the discussion 



preceding corollary [4.1. 4 Zuniv, "T-univ are adjacent sides of a finite sided polygon 
-Puniv determining a finite sided ideal polygon P(A) C A. The markers from ^„ to A 
are all contained in the arcs of circle s/(A), Sm(A) bounded by 1{X), rn{\), since Z(/i„) 
and m(fin) are the same geodesic in Moreover, there are infinitely many markers 
which limit to points in s;(A) and Sm(A) respectively; it follows that there is a leaf 
kn{X) of A"'"(A,/i„) with endpoints in s/(A),Sm(A) respectively, and which does not 
intersect the endpoint l{X)rim{X). Since fc„(A) cannot cross Z(A),to(A) transversely, 
it follows that the endpoints of A:„(A) must be the two (nonintersecting) endpoints 
of Z(A), to(A), so all the A:„(A) are equal. But the markers from distinct /z„ to A are 
distinct; it follows that A:„(A) separates A:„4.i(A) from /c„_i(A); this contradiction 
implies there is only one /i„ — that is, 7 is stabilized by a, and therefore 7 is a 
circle. It is clear that there is at most one circle component of the branch locus for 
each A, so the theorem follows. □ 



Lemma 4.2.1 puts nontrivial constraints on A+ and the action of tti{M). In 



particular, we can prove the following corollary: 

Corollary 4.2.3. No gut region A has a tangential interstitial annulus. 

Proof: If G has such an annulus A, lift to G with a tangential interstitial 
rectangle A C X for some leaf A of Then the core a oi A fixes A, stabilizes the 
two ideal points of ^ C A, and acts as a hyperbolic isometry. 

But leaves of dP are not isolated on the outside. It follows that the axis of a is 



a limit of leaves li of A+(A) on one side (actually on either side). By lemma 4.2.1 
these leaves are not asymptotic to the endpoints of the axis of a. It follows that 
a^iji) intersects Ij transversely for some suitable i,j,n, which is absurd. The 
corollary follows. □ 

Recall that hypothetical tangential interstitial annuli only occurred by splitting 



open a branched along a branch circle. So corollary |4.2.3| implies that there 
are no branch circles in A^. Together with theorem 4.2.2, this completes the proof 



that in fact A'^ = A+. That is, no splitting was necessary to obtain a lamination. 

Corollary 4.2.4. The branched lamination A^ is actually a genuine lamination; 
i.e. its branch locus is empty, and A^ — A"*". 

Definition 4.2.2. An element cj) G Homeo(S'^) is topologically pseudo-Anosov if it 
has at least 3 and at most finitely many fixed points and translates points alternately 
clockwise and anticlockwise in the intervals complementary to these points. 

Since the action of a topologically pseudo-Anosov element on moves points 
in the complement of the fixed point set alternately clockwise and anticlockwise, it 
must fix an even number of points. 

Lemma 4.2.5. Let a be the core curve of a complementary region G corresponding 
to the complementary polygon P to A.'^niv "^^^ action of some power of a on 5'^„i„ 
is topologically pseudo-Anosov, where the vertices of P are the repelling points and 
there is exactly one attracting point in each complementary interval. 
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Proof: Let A be some leaf of ^ intersecting G in a finite sided ideal polygon 
P(A), combinatorially equivalent of course to P. For each n,k Z there is a 
commutative diagram 



91 . 



HA) 



HA) 



Now, the monotone maps 



ya"(A) 



5-1 



quotient out less and less of the circle S^^^^ as n ^ +00. 

Let At be the set of leaves of ^ which intersect the lifted gut 25, and parameterize 
them by i S M. We know by theorem 3.3.2 that as t ^ +00, the leaves At escape to 
the positive end of L. On the other hand, as t — > —00 we don't know whether the 
leaves escape to a negative end of L, or have a lower bound. A lower bound here 
would consist of a union of incomparable uppermost leaves which are all limits of 
At as t ^ —00. 

Fix a side / of P with vertices p, q. We will study the action of the power of a 
fixing the vertices of P on the complementary arc to p, q outside P. For each leaf 
At, let l{t) denote (p^ti^)- 

For each fj, an uppermost leaf below the At, we can consider the set A+(At,/i) 
for each t. By hypothesis we can choose I so that every marker from fi to At lies 
on the complementary arc to l{t) outside P{t), so this lamination contains a closest 
leaf li_i{t) to l{t). Notice that every leaf of A+(At) can be approximated by leaves 
of A+(At, k) for some k < At; if denotes the closest leaf of A+(At, k) to l{t) for 
each K, then as Kj increases monotonely while staying below every Af , the endpoints 
of the leaves ^Kj(i) move monotonely towards the endpoints of l{t). It follows that 
either lp,{t) ~ l(t) for some uppermost fi, or there is some k with l^it) separating 
lfj,(t) from l{t). Then if v is an uppermost leaf below the At satisfying k < < At 
for all t, then there is a leaf li,{t) of A+(At, i^) which separates /^(i) from l{t) (since 
by assumption, in this case there is no fi below every At with lf^{t) = l{t).) 

We consider the size of (t) in the visual metric as seen from the point pt = aHXt , 
where now a denotes the relevant lift of the core of ©. If l^{t) ^ l{t), there is a z/ 
so that any leafwise geodesic 6t from pt to a point in the convex hull of A+(At,/i) 
must pass through the convex hull of A+(At,i^). In particular, the sequence St is 
eventually arbitrarily close to some point in v, and therefore must be close to v 
for an arbitrarily long segment before getting to But this means that the 

visual angle of lfj,{t) converges to as i —00. This means that under iterates 
of a, the leaf of A^^^j^ converges to a point. It follows that for each edge I of P 
and for every uppermost leaf /x below the Af , if ^ l{t) the leaves of A^j^j^(-, 
converge to a single point of S'^j^j^ under iteration of a. (Here this notation is meant 
to indicate the leaf of A^^^j^ determined by the appropriate extremal pair of long 
markers from v.) For fi, v distinct uppermost leaves less than every At, /x and v are 
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incomparable, so and l,^{t) can't both be equal to l{t); that is, there is at most 
one uppermost leaf fi below the Af whose markers limit to l{t). 

Now, a dense set of leaves of A^^^j^ outside I are elements of A,|j^j^(-, k) for some 
K. If K is incomparable to or equal to some Aj, then every leaf of A^j^j^(-,k) will 
project to a single point in S'^(At) for t — oc. 

Suppose there is no leaf /i with lfj,{t) = l{t), by what we have just said, the visual 
measure of A+(At, /k) converges to as seen from pt as t ^ —oo. It follows in this 
case that for a dense set of leaves I' of A^^^;^ outside I, the images {I') e At have 
visual measure going to as f ^ — oo, as seen from pt. Said another way, we have 
that for any /' outside /, and any i, 

lim visual measure of (a"+VQ-"(Ao)('')) seen from 5 n a'fAo) — > 
and therefore 

lim visual measure of (l)aU\n){(^"^\^')) seen from a fl a\Xf)) 

But this is true for every positive i. Since q;*(Ao) increases without bound as 
i — > 00, it follows that the visual measure of (/)^(a"(Z')) converges to as seen from 
any point in any fi, as n ^ oc. In particular, every leaf of A^j^;^ outside I converges 
to a single point under iteration of a. It follows that a fixes at most one point in 
this complementary interval, and since A^^^;^ is not sticky, a has a single attracting 
fixed point in this interval. 

Conversely, suppose that a unique uppermost leaf jj < Xt for all t exists for which 
lij.{t) = l{t)- The uniqueness of ^ implies that n is fixed by a, and therefore a fixes 
exactly two points m, n of S'^(/i) = 4'fj.{S^niv)- The prcimage of to, say, under (f>~^ 
is the unique arc of S'^^i^ determined by I which collapses to m. We will show the 
preimage of n is a single point. 

Since a fixes no leaf Aj, we can look at the quotient M /a. The leaf /i covers a 
cylinder /x/a in this quotient, and each leaf At covers a plane (which we also refer 
to as At) which spirals around /z/a. If 7 denotes the nontrivial geodesic loop in 
/i/a, and r is a transversal through some point of 7, then r intersects the image 
of each At in an infinite sequence of points Ti{t) G At going out to infinity. Fix 
t. For i suSiciently large, Ti{t) is arbitrarily close to 7. It follows that the leaf At 
stays arbitrarily close to /i/a on an arbitrarily large neighborhood of Ti{t), and in 
particular, it stays close along a geodesic arc 7j'(f) C At from Ti{t) to Ti+i{t). But 
this implies that for sufficiently large i, At stays arbitrarily close to n/a along a 
quasigeodesic ray (which eventually is arbitrarily close to a geodesic ray) "f'(t). Let 
n'{t) e 'S'^(At) denote the endpoint of this geodesic ray. Then it is clear we have 
actually constructed a marker in M from /u to At whose endpoints run from n to 
n'{t). We show now that this implies that the preimage of n in S^^^^^ under (/>~^ is 
a single point n'. Suppose that the preimage of n in S^^^^ under were an arc 
k. Then the union 

K = [jMk) 

V 

is a leaf of A+ which intersects At for sufficiently large t, but which does not intersect 
/i or leaves below \x. If n'(t) is an endpoint of (l)\^{k), then 'y'{t) is eventually 
asymptotic to (f)x_^(k)-, otherwise, ■y'{t) crosses (f>x_^{k). Let q £ /i be a point on 7(t) 
very close to q' G ■^'{t) for some t, where q' is very close to (p\^ (fc) in the first case, 
or q' is on the ray from (j)\^{k) fl ^'{t) to n'{t) in the second case. There are lots 
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of markers from /x to At; since q can be chosen arbitrarily close to q' , the set of 
endpoints of markers from /x to At are an e-net in 5*^ (At). But by choice of q' , this 
means that there are many distinct markers which end in the arc of S}^^^^ bounded 
by (j)\^{k). On the other hand, by the definition of k, there are no markers from jjL 
to Af in this arc. This contradiction implies that there is no such A-, and therefore 
the preimage of n in S'^j^j^ under (/)~^ is a single point n' , as claimed. 

Now, n' is a fixed point of a in Sl^^^^. Let V be a leaf of A^^^j^ arbitrarily close to 
I, and look at its iterates under positive powers of a. If there are any fixed points 
of a between n' and Z, then V limits to a leaf I" between n! and I fixed by a. Then 
4>fi{l") is fixed by a, which is absurd, since a fixes only m and n in ^^(/k). 

It follows that n' is the unique fixed point of a in the complementary interval to 
I. Since leaves At spiral around fi/a in the quotient M/a as they wind around 7, 
one sees that n' is an attracting fixed point of a in this case too. 

Consequently in either case a has the required dynamics, and is topologically 
pseudo-Anosov. 

See figure 8 for an illustration. □ 

Remark 4.2.1. Notice that the argument that is a single point n' G S'univ 

uses the geometric fact that for K a leaf of A+ which doesn't intersect a leaf /x of 
there is a lower bound on the distance from K to ji. In turn, this relies on the 
compactness of M and the fact that for q £ i-i and q' X with /x < A and g, q' 
sufficiently close, endpoints of markers from /x to A are arbitrarily dense in 5*^ (A). 
Notice that this implies that if there exists a marker which is asymptotically thin 
i.e. the vertical thickness of the marker goes to zero as we go to infinity, then the 
following is true: for any pair of leaves /x < A the set of endpoints of markers {not 
long markers) from to A, considered as a subset of S'^ (A), contains no points which 
are isolated on either side (i.e. every point is a double-sided limit). Moreover, when 
we take the closure to produce long markers, we observe that every long marker 
is a nontrivial limit of markers on at least one side, and that anything isolated on 
exactly one side is a long marker but not a marker. An asymptotically thin marker 
exists if for some closed geodesic loop in a leaf of there is strictly contracting 
holonomy on at least one side. There are certain points in this paper where the 
logic would be streamlined if we assumed the existence of an asymptotically thin 
marker. 

For a topologically pseudo-Anosov a associated to a complementary polygon P, 
there is a "dual" polygon P' with vertices in S^^^^^ the attracting fixed points of a. 
Let 7 be one of the boundary edges of P'. 

Lemma 4.2.6. Let M be atoroidal. For every /3 e 7ri(M), P{-y) is either equal to 
or disjoint from 7. 

Proof: Associated to 7 there is a plane n properly embedded in M which is 
just the miion of (6^(7) C /x as we vary over all leaves fj, of This is a single 
connected plane, since for every leaf A of J^, tt is either a single geodesic or empty, 
and for A > a point in /x Pi tt is joined to a point in A fl tt. The foliation of tt is 
certainly not K-covered, since it intersects A+ transversely, and therefore intersects 
incomparable leaves of 

An appropriate power of a stabilizes tt and quotients it out to give a cylinder 
C which projects to M. We claim this projection is a covering map. For, if /? 
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Figure 8. The action of the core of a gut region on S^^i^ is topo- 
logicaUy pseudo-Anosov. The dual polygon P' is illustrated in 
dashed lines. 



acting on (S^jjiv translates 7 to intersect itself, this intersection determines a line of 
intersection of tt with (3{tt). As we move along this line of intersection in the positive 
direction and translate back to a fixed region in M by iterates of , the action of 
on S^jjiy keeps the endpoints of /3(7) away from the endpoints of 7. It follows 
that the line of intersection of tt with (3{tt) must project to a compact portion of 
the cylinder C. The projection of C to M is an immersion, so it makes sense to 
talk about a path in M contained in a sheet of the projection. The projection of C 
to M is "locally proper" , in the sense that a path in M contained in a sheet which 
exits to an end of C must be infinitely long. It follows that a self-intersection of 
C in M is either compact, or lifts to a properly embedded curve in C . Since one 
end of this line of intersection lifts to a bounded region of C, the entire line does, 
and therefore it is periodic under the action of a. In particular, a, (3 generate the 
image of a Baumslag-Solitar group. By considering the action of a and /? on S'ujjj^ 
one sees by a standard argument that this is absurd. For more details one can 
consult the analogous lemma 5.3.7 in Or, one can appeal directly to a theorem 
of Shalen on the possible homomorphisms of Baumslag-Solitar groups into 

3-manifold groups; such images are all virtually abelian. Since M is atoroidal, one 
can conclude that the image is actually cyclic. 

It follows that no such (3 can exist. □ 



Remark 4.2.2. The technique of proof of lemma 4.2.6 is based on a sketch of an 



argument by Thurston proving similar facts about M-covered foliations. 
Definition 4.2.3. We make the definition 



It is clear from lemma 4.2.6 that A~j^jy is a 7ri(Af)-equivariant lamination of 5*^^;^. 
It therefore determines a possibly branched lamination of M which can be split 
open to a tti (M)-equivariant lamination A~ of M covering an essential lamination 
of M which we refer to as A'. 
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Theorem 4.2.7. Let M be atoroidal. Then has solid torus guts. Moreover, a 
lift of any one of these gut regions determines a finite sided ideal polygon in S'^„j„ 
which is exactly a "dual" polygon to a polygon associated to a gut region o/ A+, and 
all such dual polygons arise in this way. The pair of laminations bind every 
leaf of ^ so that complementary regions are finite sided compact polygons. 

Proof: Wc inherit the notation P, P' from above, and let v denote the vertex 
of P isolated from its neighbors by 7. Let ei, 62 be the edges of P adjacent to v, so 
that 7 intersects both ei and 62- Let wi, W2 be the other vertices of ei, 62 so that 
v,wi,W2 are in clockwise order o n S},,-, ^^. 

Clearly, the proof of theorem 4.1.1 applies to A~, since it too is transverse to 
So A~ has solid torus guts. The first claim is that 7 is a "boundary" leaf of 
A^. Firstly, 7 is isolated on the side moving away from v. For if not, there is some 
/3 £ 7ri(M) which moves an endpoint of 7 very slightly off itself in the direction 
moving away from v. 

Define 

7'= lim a"/3(7) 

n — * — 00 

If A~jjj^ is sticky, 7' joins a vertex of P' to a vertex, say W2, of P. From the 
vantage point of a point on a leaf A of =^ far out along the geodesic from v to W2, 
the geodesies from W2 to v and from W2 to wi are almost asymptotic, and parallel 
to the image of 7'. By translating back to a compact region of M and extracting a 
convergent subsequence, we see that A"^^^^ contains a leaf of A+^^j^. 

If A~jjj^ is not sticky, 7' is a diagonal of P, joining wi to W2- But all of A+ is in 
the closure of the translates of any diagonal of P, so A+ C A^^^j^. 

In either case, A+ C A"^^;^ which is absurd since 7 is transverse to A+ . 

It follows that 7 is isolated on the side away from v. If 7 is isolated on the side 
towards v, then it is an interior edge of a polygon P". Since the endpoints of 7 are 
fixed by a, every vertex of P" is fixed by a. It follows that there is only one vertex 
of P" on the side of 7 towards v, which is v itself. But then there are edges of P" 
joining a vertex of 7 to v, which as before imphes A+ C A^^^j^, which is absurd. 

It follows that there is a polygonal region P" in S^^^.^ of which 7 is a boundary 
leaf, corresponding to a gut region of A~. Since every leaf of A" is a limit of 
translates of 7, there are no isolated leaves in A~, and therefore A^ is actually 
minimal. Since a{P") cannot be transverse to P", the dynamics of a implies the 
vertices of P" are a subset of the vertices of P'. If the vertices of P" are a strict 
subset of the vertices of P', it follows that there is an edge of P" which intersects 
two non-adjacent sides of P. Since A~ is minimal, this edge of P" is a limit of 
nearby leaves of A~; translating these by powers of a, one sees that either A^ is 
sticky and there is some leaf of A^ from a vertex of P" to a vertex of P, or there 
is some leaf of A~ which is a diagonal of P. As before, this implies A+ C A^^^^j^, 
which gives a contradiction. In particular, P" = P'. 

Finally, suppose there is some polygon Q associated to a gut region of A+ with 
stabilizer S also stabilizing the dual polygon Q', where Q' is not a polygon associated 
to a gut region of A~. Then no leaf of A^^^j^ can link a leaf of Q or Q' . For, if it 
does, then under iteration of S or 6^^ it would either converge to a leaf of Q or Q' 
contrary to assumption, or else it would converge to a diagonal of Q or Q' . But the 
images of any diagonal of Q contain a subsequence converging to any leaf of A+ , 
and similarly for the images of any diagonal of Q' , again contrary to assumption. 
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It follows that the complementary region to A intersecting Q has infinite hy- 



perbolic area. But this contradicts theorem 4.1.1. This contradiction proves the 



theorem. □ 



Remark 4.2.3. Since the complementary regions of A^^j^ correspond to polygons P' 

i+ 

univ' 



dual to polygons P associated to A+j^;^, it follows immediately that A is genuine. 

Definition 4.2.4. Let X transverse to be a vector field, where ^ branches 
only in the negative direction. Say that X is regulating in the positive direction 
if each integral curve of X (the lift of X to M) contains a ray — i.e. a subset 
homeomorphic to R+ — which projects properly to the leaf space of 

Corollary 4.2.8. //^ is a taut foliation with one-sided branching in the negative 
direction, there is a transverse vector field X which is regulating in the positive 
direction. 

Proof: The construction of X from A='= is standard. One method is to use 
the leafwise hyperbolic metric to canonically identify a point on one leaf with a 
point on any higher leaf by the stratification of into leaves and complementary 
regions of A^ {fj,) . Another method is to "quotient out" the complementary regions 
to the laminations to give a pair of branched foliations of M which intersect each 
other transversely in one-dimensional leaves whose tangent vectors give X. See for 
instance §] or 

To see the flow is regulating in the positive direction, suppose that 7+ is a 
positive integral curve of X. Then for each leaf A of 7+ n A is bounded by a 
flnite collection of leaves of A='=(A). The corresponding leaves are nondegenerate 
in A^{ij) for all /x > A, and therefore 7+ cannot "escape to inflnity" and must 
intersect every leaf above A. That is, 7+ is regulating in the positive direction. □ 

Corollary 4.2.9. X as constructed above gives a pseudo-Anosov flow transverse 
to ^. 

Proof: This is also standard from the construction, and from the dynamics 
of the flow in a neighborhood of the closed orbits. The singular closed orbits 
correspond exactly to the gut regions of A^, and therefore have pseudo-Anosov 
dynamics. To understand the dynamics near the nonsingular closed orbits, we 
appeal to general facts. Theorem 5.3.15 of applies in our situation, and implies 
that every element a of 7ri(M) acts on S^^^^ in a manner either conjugate to an 
element of PSL{2,R), or some finite power is topologically pseudo-Anosov. We 
give a sketch of the argument here: since the laminations A^^^j.^ are transverse, 
every point p G S'univ ^ limit of a nested sequence of leaves either of A^^^j^ or of 
^univ follows that for any a e ni{M), the set of fixed points of a is either all of 
"^univ (i'^ which case a is the identity), or is finite. Moreover, since each fixed point 
is the limit of a nested sequence of leaves of one lamination, the dynamics of a at 
that fixed point is either attracting or repelling (i.e. it can't look like a parabolic 
fixed point). In particular, a is either conjugate to an element of P5'L(2,R), or 
is topologically pseudo-Anosov. In particular, the flow in the neighborhood of 
the closed orbits has the appropriate dynamics, and X can be blown down to be 
pseudo-Anosov. □ 

We remark that this implies that the lamination AZ^j^ is not sticky either. 
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4.3. Deforming foliations. 

Theorem 4.3.1. Suppose is a one-parameter family of taut foliations with 
one-sided branching of an atoroidal 3-manifold M. Then the representation 

7ri(M) ^ Homeo{Si^^{^,)) 

is constant. Moreover, the laminations Af are all isotopic. 

Proof: A continuous family of foliations of M may be thought of as a 
foliation of M x 7 by Riemann surface leaves. Therefore Candel's theorem applies 
with parameters, and shows that the hyperbolic structures on .^t may be chosen to 
vary continuously. For small e, Aq is transverse to .^t and leaves of Aq intersect 
leaves of quasigeodesically. 

After straightening these Icafwisc, wc can assume A^j^ intersects leaves of 
geodesically. It is not hard to see that this straightening is continuous. For, if 7 is 
a ^-quasigeodesic in for some fixed 6 and 70 is a subarc of length t, the geodesic 
representatives of 7 and of 70 agree to within Hausdorff distance o(e~*) on most of 
the length of 70. If A* is a family of leaves of and is a leaf of Aq , say, then the 
leafwise intersections 74 vary continuously in the geometric topology on arbitrarily 
large compact subsets. Since the straightenings on compact subsets are continuous, 
the straightenings are continuous on all of ^. Notice that straightening preserves 
the cyclic order on the ends of quasigcodesic rays. 

For each e, let be the leaf space of Let ai be a sequence of elements 
in 7ri(M) which blow up some I d to a bi-infinite properly embedded ray 
r C Lf. Let Eoc{e) denote the circle bundle at infinity of thought of as a union 
UT^^lr for transversals r projecting to arcs in L^. Recall fj, was a straightened 
leaf of Aq", transverse to Since fi is transverse to =^e, it intersects some line 
worth of leaves of L^. Let t be a (possibly infinite) transversal to .J^f , intersecting 
exactly this set of leaves, contained in jj,. For each point p G t fl A where A is a leaf 
of the geodesic /U fl A is split into two rays emanating from p, which determine 
a pair of endpoints in S'^ (A). As wc vary over points in /i, this determines a pair 
of transversals to i?oo(e)) contained in the image of UT^^\t C i?oo(e)- It is clear 
that these transversals do not depend on the choice of r. In particular, for each 
endpoint p of a leaf m of A J associated to a leaf //, of A+, and each transversal 
T to which intersects exactly the leaves of which /x intersects, there is an 
associated transversal 

s{p) C E^{e) 

which intersects exactly the circles at infinity of the leaves intersecting r. As we 

vary over all such p we get a system of transversal to Erx.{e). Since straightening 
preserves the cyclic order of ends of rays, these transversals cannot cross each other 
(though a priori they might run into each other). 

Pick some such s = s{p). For some subsequence of a^, the transversals ai{s) 
converge in i<^oo(e) to a bi-infinite properly embedded line s' =C iSoo(e)- By passing 
to a further subsequence, we can assume the limit of ai{p) converges in (5^J^i.^,)o 
to some q. We call s' = s'{q). Then for each point r G (S'yjjiy)o in the orbit of 
q we have a corresponding bi-infinite properly embedded line s'(r) in Eao{i)- As 
before, if qi,q2, qa is a positively cyclically ordered triple in the orbit of q in (<S'^jjiy)o, 
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the cyclic ordering on s'{qi), s'{q2), s'{q3) is positive or degenerate, as measured in 
sufSciently positive leaves of which these three lines intersect. 

If we knew these lines were "vertical" in Eode), in the sense that they did not 
cross endpoint transversals of long markers for we could identify them with 
points in {S^j^^^)e- This idea suggests the following strategy. 

For each leaf A of in the support of s{r), r\ = s{r) n >S'^(A) determines a 
(possibly degenerate) interval 

</.-i(r;,) = /,(A)c(5Lv). 

As we vary A in in the positive direction, these intervals or points do not 
necessarily vary continuously (they might shrink discontinuously as we move in the 
positive direction or grow discontinuously as wc move in the negative direction), but 
their union as we vary over the support of s(r) is easily seen to be a connected set 
Ir C (S'^„i^)e. We claim Ir is not all of (S'^,Ji^)e. For if so(r) denotes the restriction 
of s(r) to some interval / C Le with 

U Ir{,y) = (^Lv). 

then we can compress / by the action of some /3 G tti to an arbitrarily small interval 



J C Lj, by corollary 2.3.3, and still have 

If f3i is a sequence with /3i(J) A for A a single leaf of then the sequence 
of transversals (3i{so) converge geometrically to S'^(A) C Eoo{e). In particular, if 
s' arising from some /i' crosses S'^(A) transversely, then s' intersects /3i(so) trans- 
versely for some i, which is impossible. 

Since Ir is not all of {S\^^^)e, it makes sense to define p{s) to be the anticlock- 
wisemost limsup of the /^(A) as A goes to infinity in the positive direction. 

A varying sequence of points in (S'yjj;y)o can be approximated by a varying 
sequence of endpoints of leaves of (A^jjj^)o which determine a varying sequence 
of transverse sections of (i?oo)e- These sections intersect sufficiently high leaves 
A € A triple of points in (S'u„iv)o corresponding to endpoints of leaves of 

(^univ)o determines a distinct triple of points in S'^(A) for sufficiently high leaves 
A of with the same cyclic order. We now have a tti (M)-equivariant map p from 
the orbit of q to (S'^„i^)e which does not reverse, but might degenerate, the cyclic 
order of triples of points. Since the orbit of q is dense, we can extend this map by 
taking anticlockwise limits to all of (S'^jj;.^,)o, which is not a priori continuous, but 
is anticlockwise semicontinuous (i.e continuous from the anticlockwise side). 

This determines a monotone relation between (5'^„i^)o to (S'^^j^),; — i.e. a single 
mapping monotonely to both. The master S*^ is obtained by blowing up the 
points of (S'^jjj.^,)o where p is discontinuous, and inserting the image in {S\^^^)^ there. 
The whole picture admits a tti (M)-equivariant action, restricting to the standard 
action on either S\^-^^^. But the action of 7ri(M) on either circle is minimal. It 
follows that the relation is actually an isomorphism^ since if there are nontrivial 
intervals in (S'^j^j^)o whose preimages map to a point in [S]^^:^^)^ by this relation, the 
closure of the set of endpoints of such intervals is a proper invariant set, contrary to 
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minimality. It follows that this map is an equivariant isomorphism, and therefore 
these two actions are conjugate. 

The laminations (Ai^jjjy)^ are determined by the action of ni{M), and these de- 
termine the topology of the (A^'^)^. We show that this implies these two laminations 
are isotopic. We produce a new 7ri(Af)-equivariant homeomorphism c/)^ from M to 
itself, covering a self map of M homotopic to the identity, taking to A^ . Since 
M contains very full laminations, any self-homeomorphism homotopic to the iden- 
tity is actually isotopic to the identity, by the main result of Since both A^ 
and A^ can be canonically collapsed to singular foliations and recovered from these 
foliations, we assume that both collapsings have been done. Then a point p £ M 
is determined by which leaf A of it lies on, and which (possibly singular) leaves 
m,l of 4>xi^tniv)o n A it lies on. There is an identification of m, ^ G (A^j^;y)o with 
corresponding leaves m', V e (A^,j;^)e. Moreover, p lies on a leaf A^ of So define 

It is clear that this satisfies the required properties. □ 



Theorem 4.3.2. Let be a one-parameter family of taut foliations of an atoroidal 
i-manifold M , where .^q is M.-covered, and has one-sided branching for t > 0. 
Then the representation 

MM) ^ Homeo{Sl„,,{J^,)) 
is constant for t>0. Moreover, the laminations are all isotopic. 

Proof: The notation and construction of the laminations A^ and circle 5'^,,;^ 
arising from an R-covered foliation arc consistent with the notation used through- 
out this paper. The existence of such a circle and such laminations for an R-covered 
foliation is established in B. In any case, by exactly repeating the argument of 



theorem 4.3.1 we obtain a 7ri(A/)-equivariant map (5'j'|jjj.^,)o {S^^^^)^. Minimality 
again implies that this map is an isomorphism, and therefore that the representa- 
tions are conjugate and the laminations are isotopic. □ 



5. Examples 

Example 5.0.1 (Meigniez). The first examples of taut foliations with one-sided 
branching of hyperbolic 3-manifolds are constructed by Meigniez in ]T^ . These 
foliations are deformations of surface bundles over circles with fiber S and mon- 
odromy some pseudo-Anosov : S — > S, where the leaves of the foliation are bent 
in one direction along one of the transverse laminations obtained by suspending the 
stable/unstable laminations of S fixed by (j). 

Example 5.0.2. If M is a graph manifold obtained by plumbing together a collection 
of Seifert fibered manifolds along tori, and =^ is a foliation transverse to the circle 
fibers of each piece and transverse to the separating tori, ^ is M-covered. The 
restriction of ^ to each Seifert-fibered piece arises from a slithering of that piece 
over (see |^). Moreover, 7ri(M) acts on L, the leaf space of ^ by coarsely 
projective transformations. 

Here we say a homeomorphism : R — > R is a coarse projective transformation 
if there is some constant k > and a scale factor a > such that for all p,q E M. 
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we have 

- (f>{q)) -k <p-q< a{(p{p) - 0(q)) + k 
In such a situation, it is relatively easy to find embedded loops 7 transverse to 
^ whose lifts 7 to M are regulating in the positive direction but not the negative 
direction, and whose complements are hyperbolic. It follows that tor f : N ^ M 
a finite cover branched over 7 with sufficiently large branching degree, A'^ is a 
hyperbolic manifold, and the pulled back foliation = f~^{^) is taut and has 
one-sided branching in the negative direction. This example is an adaptation of 
a construction of nonuniform R-covered foliations of hyperbolic 3-manifolds in 
and is explained in more detail in ^ . 

Instead of looking at a branched cover, if one does not mind treating manifolds 
with cusps, one can just let N be the complement M — 7. 

Example 5.0.3. The knot complement AI = S'^ — K where K is the knot 82 from 
Rolfsen's table is an example of the previous kind. The manifold M is a 2-fold 
branched cover of a graph manifold. 

There is a taut ideal triangulation (see fl^ ) of M carrying this foliation with a 
projectively invariant transverse measure. The limit set of a leaf of =^ is a dendrite, 
as illustrated in the figure below. Thanks to Nathan Dunfield for producing this 
picture. 
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